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Abstract: Let (M,Q) be a compact, three dimensional manifold of strictly negative sec-
tional curvature. Let (Σ, P ) be a compact, orientable surface of hyperbolic type (i.e. of
genus at least two). Let θ : π1(Σ, P ) → π1(M,Q) be a homomorphism. Generalising a
recent result of Gallo, Kapovich and Marden concerning necessary and sufficient conditions
for the existence of complex projective structures with specified holonomy to manifolds of
non-constant negative curvature, we obtain necessary conditions on θ for the existence of
a so called θ-equivariant Plateau problem over Σ, which is equivalent to the existence of a
strictly convex immersion i : Σ→M which realises θ (i.e. such that θ = i∗).
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1 - Introduction.
In this paper, we study means of obtaining constant curvature realisations of homomor-
phisms of fundamental groups of surfaces into fundamental groups of compact, three di-
mensional manifolds of strictly negative sectional curvature.
Let (M,Q) be a pointed, compact three dimensional Riemannian manifold of strictly
negative sectional curvature. Let (Σ, P ) be a closed (orientable) surface of hyperbolic
type (i.e. of genus at least 2). Let (M˜, Q˜) be the universal cover of (M,Q). Let
θ : π1(Σ, P ) → π1(M,Q) be a representation of π1(Σ, P ) in π1(M,Q). We observe that
it is in many ways preferable to work in the framework of pointed manifolds. Firstly,
π1(M,Q) is canonically defined in terms of (M,Q), and, secondly, the action of π1(M,Q)
over (M˜, Q˜) is well defined.
M˜ is a Hadamard manifold. We denote by ∂∞M˜ its ideal boundary, and we make the
following definition:
Definition 1.1
Let (Σ˜, P˜ ) be the universal cover of (Σ, P ). Let θ : π1(Σ, P )→ π1(M,Q) be a homomor-
phism. A θ-equivariant Plateau problem over Σ is a function ϕ : Σ˜ → ∂∞M˜ such
that, for all γ ∈ π1(Σ, P ):
ϕ ◦ γ = θ(γ) ◦ ϕ.
Such structures are introduced and discussed in detail by Labourie in [5] and by the author
in [7] and [8].
The group π1(M,Q) acts canonically on M˜ ∪ ∂∞M˜ . We underline that π1(M,Q) acts on
M˜ ∪ ∂∞M˜ from the right. Thus, throughout this entire paper, composition is to be read
from left to right. A subgroup Γ of π1(M,Q) is said to be non-elementary if and only
if it has no fixed points in M˜ ∪ ∂∞M˜ , and we will say that it is elementary otherwise. In
our case, the only elementary subgroups of π1(M,Q) are the trivial group, and isomorphic
copies of Z.
Let Homeo0(∂∞M˜) denote the connected component of the group of homeomorphisms of
∂∞M˜ which preserves the identity. The group π1(M,Q) acts faithfully over ∂∞M˜ , and
may thus be considered as a subgroup of Homeo0(∂∞M˜). Let Ho˜meo0(∂∞M˜) be the
universal cover of Homeo0(∂∞M˜), and let π : Ho˜meo0(∂∞M˜) → Homeo0(∂∞M˜) be the
canonical projection. We have the following short exact sequence:
0→ Z2
i
→Ho˜meo0(∂∞M˜)
π
→Homeo0(∂∞M˜)→ 0.
For Γ an arbitrary group, and for ϕ : Γ → Homeo0(∂∞M˜) a homomorphism, we define a
lifting of ϕ in Ho˜meo0(∂∞M˜) to be a homomorhism ϕˆ : Γ → Ho˜meo0(∂∞M˜) such that
π ◦ ϕˆ = ϕ. We say that ϕ lifts if such a lifting may be found.
Returning to the special case where M is of constant sectional curvature equal to −1, we
recall an existence result, obtained by Gallo, Kapovich and Marden in [4], which, when
translated into our framework, may be expressed as follows:
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Theorem 1.2 [Gallo, Kapovich, Marden, 2000]
Suppose that M is of constant sectional curvature equal to −1. Then, there exists a
θ-equivariant Plateau problem ϕ over Σ if and only if θ is non-elementary and lifts.
The requirement that θ be non-elementary arises from the fact that ϕ defines a PSL(2,C)
structure over the surface Σ. If θ were elementary, then it would either be a subset of
the rotation group, in which case it would define an SO(3) structure over Σ, or it would
be a subset of the affine group, in which case it would define an affine structure over Σ.
Neither of these are possible, since they would induce non-negative curvature metrics over
Σ, which are excluded by the Gauss-Bonnet Theorem. This results yields the following
interesting corollary:
Corollary 1.3
Suppose that M has constant sectional curvature equal to −1. There exists a locally
convex, immersion i : Σ→M such that θ = i∗ if and only if θ is non-elementary and lifts.
The objective of this paper is to obtain an analogue of this result in the more general case
where M is only of strictly negative sectional curvature. The main result of this paper is
the following:
Theorem 1.4
Suppose that (M,Q) is a pointed, compact manifold of strictly negative sectional curvature.
Let (Σ, P ) be a pointed, compact surface of hyperbolic type (i.e. of genus at least two).
Let θ : π1(Σ, P )→ π1(M,Q) be a homomorphism. Suppose that θ is non-elementary and
may be lifted to a homomorphism θˆ of π1(Σ, P ) into the group Ho˜meo0(∂∞M˜). Then
there exists an equivariant Plateau problem for θ.
This result permits us to obtain a locally convex realisation of θ:
Theorem 1.5
If θ is non-elementary and lifts, then there exists a convex immersion i : Σ→M such that
θ = i∗.
Theorem 1.4 is, in many respects, a generalisation to non-constant curvature of Theorem
1.2, and will be proven using essentially the same techniques, following the observation
that many of the algebraic results used in [4], which thus depend on the structure of
PSL(2,C) = Isom(H3), may be expressed in a purely topological manner, and may thus
be applied to Isom(M˜).
Our approach differs from that of Gallo, Kapovich and Marden in various respects. By
far the most significant, however, is our treatment of the algebraic obstruction. In [4],
the complex structure allows the algebraic obstruction to be rapidly treated using classical
techniques associated to index theory. Since the case that we study is purely topological,
such powerful tools are no longer available, and a much deeper understanding of the al-
gebraic properties of the construction described in [4] is required. This forms the content
of section 4 and Appendix A. The more perspicacious reader will also observe that this
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deeper understanding allows us to simplify the trouser decomposition of [4], in that it is
no longer necessary that it take the form of a tree.
The remaining differences between our approaches involve the sort of simplifications that
one would expect to arise from any in-depth study of such a significant work. First, in
section 3, we adopt the perspective that the homomorphism, θ, as opposed to the paths
that we study, is changed by the Dehn twists. These approaches are trivially logically
equivalent, but we believe that our perspective facilitates the reading of this paper by
hiding the complexity of the construction inside the algebra. Moreover, we construct the
Dehn twists used in [4] as compositions of much simpler Dehn twists. We believe that this
also facilitates the understanding of our proofs.
Finally, in section 2, since we only work with mappings of hyperbolic type, we may bypass
most of the technically complicated algebraic reasoning employed in [4] to obtain the
algebraic results necessary for the construction of Schottky groups. The simpler conditions
of the case we study allow us to prove these results in terms of elementary arguments
concerning the fixed point sets of hyperbolic mappings and a general property of Hadamard
manifolds with sectional curvature bounded above by k < 0. This alternative approach is
crucial for our results, since the algebraic approach used in [4] is only valid for the Mo¨bius
group. In a way, this part of our work may also be considered as an illustrative example,
facilitating the understanding of Gallo, Kapovich and Marden’s result without requiring
an in-depth understanding of the technical complexity of their own paper.
In the second section of this paper, we obtain algebraic results concerning the construction
of Schottky groups. In the third section, we use Dehn twists to construct a trouser decom-
position of Σ in such a manner that the θ-image of the fundamental group of each trouser is
a Schottky group. In the fourth section, we describe invariant domains of Schottky groups
and study the algebraic properties of these domains. In the fifth section, we show how
invariant domains may be used to construct θ-equivariant Plateau problems over trousers,
and we then show how to glue these functions together to obtain a proof of Theorems 1.4
and 1.5. Finally, in the appendix, we prove the homeomorphism equivalence of Schottky
groups. In particular, this permits us to construct invariant domains for any Schottky
group.
I would like to thank Franc¸ois Labourie for having drawn my attention to this problem,
Kevin Costello for help with algebraic topology, and Fre´de´ric Leroux, for having introduced
me to the results of Friberg. I would also like to thank the Max Planck Institute for
Mathematics in the Sciences in Leipzig for providing the comfort required to write the
english version of this paper.
2 - Schottky Groups.
2.1 Introduction.
Throughout this section, M will denote a three dimensional Hadamard manifold. The
construction that we will carry out in the sequel makes considerable use of Schottky groups.
We define such groups as follows:
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Definition 2.1
Let C−a , C
+
a , C
−
b and C
+
b be disjoint Jordan curves in the sphere S2 oriented such that
each one of these curves is situated in the exterior of the three others. We denote the group
of homeomorphisms of S2 which preserve orientation by Homeo0(S2). We will adopt the
convention that this group acts on S2 from the right. A Schottky Group is a subgroup
Γ of Homeo0(S2) generated by two elements a and b such that:
Ext(C−a ) · a = Int(C
+
a ), Ext(C
−
b ) · b = Int(C
+
b ).
We will refer to the curves (C±a , C
±
b ) as generating circles for the Schottky group Γ with
respect to the pair of generators (a, b).
Let α : M → M be an isometry of M . The mapping α may be extended to a homeomor-
phism of M ∪ ∂∞M . A mapping is hyperbolic if and only if it has precisely two fixed
points in ∂∞M and no fixed points in M (see [2]). In the sequel, we will work with actions
of fundamental groups of compact manifolds of strictly negative sectional curvature on the
universal covers of these manifolds. In such subgroups Γ ⊆ Isom(M), every element that
is different to the identity is necessarily hyperbolic.
In this section, we show how Schottky subgroups of Homeo0(∂∞M) may be constructed.
We obtain the following results:
Proposition 2.2
Let M be a Hadamard manifold. Let Γ be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let α,β,ξ and η be elements of Γ
such that the subgroup 〈α, β〉 of Γ is non-elementary. There exists K ∈ N and a function
N : {|n| > K} → N such that, for all |k| > K and for all |n| > N(k):
(1) βαk is hyperbolic,
(2) δk = ηβα
k is hyperbolic,
(3) δnkα is hyperbolic and has no fixed point in common with βα
k, and
(4) δnk ξ is hyperbolic.
Proposition 2.3
Let M be a Hadamard manifold. Let Γ be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let α,β,γ and η be elements of Γ
such that the subgroup 〈α, β〉 generated by α and β is non-elementary. Suppose moreover
that ξ and η are both hyperbolic.
For k ∈ Z, we define δk = ηβα
k. After exchanging ξ and η if necessary, there exists K ∈ N
and a function N : {|n| > K} → N such that, for all |k| > K and for all |n| > N(k),
〈δnk ξδ
−n
k , η〉 is a Schottky group.
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Proposition 2.4
Let M be a Hadamard manifold. Let Γ be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let α,β be elements of Γ such
that the subgroup 〈α, β〉 is non-elementary.
For all σ ∈ Γ, there exists K ∈ N such that, for all |k| > K, Jk = σ
kασ−kβ is hyperbolic.
Proposition 2.5
Let M be a Hadamard manifold. Let Γ be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let α,β,ξ and η be elements of
Γ such that:
(i) the subgroup 〈α, β〉 is non-elementary,
(ii) αβα−1β−1 = ηξ,
(iii) the subgroup 〈ξ, η〉 is a Schottky group,
(iv) ξβ is not equal to the identity.
Then there exists k and n such that, if we define γk and δk by:
γk = βα
k, δk = ξγk,
then, 〈γk, (δ
n
kα)
−1γ−1k (δ
n
kα)〉 and 〈ξ, δ
−n
k ηδ
n
k 〉 are Schottky groups:
In the second part of this section, we review properties of isometries of Hadamard mani-
folds. In the third part, we study properties of conical open sets about geodesics. In the
fourth part, we proof general results about the construction of Schottky groups, and in
the final part, we prove the above propositions.
2.2 Hyperbolic Isometries of Hadamard Manifolds.
It is well known that a Hadamard manifold is canonically diffeomorphic (under the action
of the exponential mapping) to its tangent space over any given point. Similarly, its ideal
boundary is canonically homeomorphic to the unit sphere in the tangent space over any
given point. We have the following analogous result for normal bundles over geodesics:
Lemma 2.6
Let M be a Hadamard manifold of sectional curvature bounded above by −ǫ < 0. Let γ
be a geodesic in M . Let Nγ be the normal bundle over γ. In otherwords:
Nγ =
{
X ∈ Tγ(t)M |t ∈ R, Xp ⊥ ∂tγ(t)
}
.
The restriction of the exponential mapping to Nγ is a diffeomorphism between Nγ and M .
Likewise, let Σγ be the normal sphere bundle over γ contained in Nγ . In otherwords:
Σγ = {X ∈ Nγ |‖X‖ = 1} .
Let us define ∂∞γ by:
∂∞γ = {γ(−∞), γ(∞)} .
The restriction of the Gauss-Minkowski mapping defines a homeomorphism between Σγ
and ∂∞M \ ∂∞γ.
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Let us suppose that the sectional curvature of M is bounded above by −ǫ < 0. Let p± be
the fixed points of α. There exists a unique oriented geodesic γ such that γ(−∞) = p−
and γ(+∞) = p+. This geodesic is preserved by α. Moreover, there exists T0 ∈ R such
that, for all t ∈ R:
(α ◦ γ)(t) = γ(t+ T0).
We define ‖α‖, the minimal displacement of α, by ‖α‖ = |T0|. We may show that:
‖α‖ = Inf
x∈M
d(x, x · α).
2.3 Conical Open Sets About Geodesics.
Let P be a point in ∂∞M . For q ∈M ∪ ∂∞M , and r ∈M , we denote by p̂rq the angle at
r between the geodesics joining r to p and r to q respectively. For θ ∈ (0, π), we consider
the neighbourhood Ωθ(p; r) of p in M ∪ ∂∞M given by:
Ωθ(p; r) = {q ∈M ∪ ∂∞M s.t. p̂rq < θ} .
We will require the following technical but elementary result:
Lemma 2.7
Let k > 0 be a positive real number. There exists a continuous function ∆k : R
+×(0, π)→
(0, π) such that if:
(i) M is a Hadamard manifold with curvature less than or equal to −k, and
(ii) γ : R→M is a geodesic in M ,
Then, for all R ∈ R+ and for all t ∈ R:
Ωθ(γ(−∞), γ(t)) ⊆ Ω∆k(R,θ)(γ(−∞), γ(t+R)).
Moreover:
(i) ∆ is strictly increasing in θ and strictly decreasing in R,
(ii) ∆(R, θ) tends to zero (locally uniformly in θ) as R tends to infinity, and
(iii) for all R and for all θ, ∆(R, θ) < θ.
Proof: Let Mk be the two dimensional Hadamard manifold of constant curvature equal
to −k. Let XY Z be a triangle in Mk ∪ ∂∞Mk such that:
X ∈ ∂∞Mk, Y Z = R, X̂Y Z = π − θ.
We define ∆k(R, θ) by:
∆k(R, θ) = Ŷ ZX.
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Let q be a point in Ωθ(γ(−∞); γ(t)). Let us denote A = γ(t), B = γ(t+ R) and C = q.
Let A′B′C′ be the comparison triangle in Mk such that:
A′B′ = AB, A′C′ = AC, Ĉ′A′B′ = ĈAB.
Let C′′ be the point in ∂∞M obtained by following the geodesic running from A
′ to C′ to
its end point in ∂∞Mk. We have:
ĈBA 6 Ĉ′B′A′ 6 Ĉ′′B′A′ 6 Ŷ ZX = ∆k(R, θ).
The result now follows. 
We also require the following result
Lemma 2.8
Let p be a point in ∂∞M . Let Ω be a neighbourhood of p in M ∪ ∂∞M . There exists a
neighbourhood U of p in ∂∞Ω such that, for γ in M a geodesic:
γ(−∞), γ(+∞) ∈ U ⇒ γ ⊆ Ω.
Proof: Indeed, otherwise, by constructing a sequence and taking limits, we obtain a
geodesic γ ∈M such that:
γ(0) ∈ ∂Ω∩M, γ(−∞), γ(+∞) = p.
This is absurd. 
2.4 Constructing Schottky Groups.
The now obtain the following result which shows how Schottky groups may be constructed
in general:
Lemma 2.9
Let k > 0 be a real number and let M be a Hadamard manifold with curvature less than
−k. Let α be a hyperbolic isometry of M having p+ and p− as attractive and repulsive
fixed points respectively. Let p0 be a point distinct from p±. For every B > 0, there exists
a neighbourhood Ω of p0 in ∂∞M such that if q± ∈ Ω and if β is a hyperbolic isometry
of M having q± as fixed points such that ‖β‖ > B, then the subgroup 〈α, β〉 of Isom(M)
generated by α and β is a Schottky group.
Proof: Let us also denote by α the unique geodesic in M such that α(±∞) = p±. Let Σα
be the normal sphere bundle over α. Let −→n : Σα → ∂∞ be the Gauss-Minkowski mapping.
By Lemma 2.6, there exists a unique vector X ∈ Σα such that
−→n (X) = p0. We suppose
that α is normalised such that X lies in the fibre over α(0). We define D = ‖α‖/2. Let us
denote by Σ±α,D the restriction of Σα to α((±D,±∞)). Let us now define:
U± =
−→n (Σ±α,D)∪ p±.
9
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The mapping α sends the interior of the complement of U− onto U+. By Lemma 2.7:
U± ⊆ Ω∆k(D,π/2)(p±;α(0)).
Since ∆k(D, π/2) < π/2, by continuity, there exists ǫ ∈ R
+ and θ ∈ (0, π) such that, for
all t ∈ (−ǫ, ǫ):
Ω2θ(p0;α(t))∩U± = ∅.
Let U be a neighbourhood of p0 in M ∪ ∂∞M such that:
∆k(d(γ, U), π− θ) < ∆k(B/2, π/2).
Let V be a neighbourhood of p0 in ∂∞U as in Lemma 2.8. Let q± be points in V and let
β be the unique geodesic in M such that β(±∞) = q±.
Let γ : R→M be the unique geodesic meeting both α and β at right angles. By restricting
U if necessary, we may suppose that γ(0) ∈ α((−ǫ, ǫ)) and that:
γ(+∞) ∈ Ωθ(p0; γ(0)).
We may suppose that β meets γ at β(0). Let us define Σ±β,B/2 as for Σ
±
α,D and:
V± =
−→n (Σ±β,B/2)∪{q±} .
The mapping β sends the interior of the complement of V− onto V+. Moreover:
Ω∆k(B/2,π/2)(γ(−∞); β(0))∩V± = ∅.
However:
Ωθ(γ(+∞); γ(0))∩U± = ∅.
Consequently:
U± ⊆ Ωπ−θ(γ(−∞); γ(0))
⇒ U± ⊆ Ω∆k(B/2,π/2)(γ(−∞); β(0)).
The sets U± and V± are thus disjoint, and the result now follows by the classical “Ping-
Pong” Lemma. 
This yields the following useful corollary:
Corollary 2.10
Let k > 0 be a real number and let M be a Hadamard manifold with curvature less than
−k. Let Γ be a subgroup of Isom(M) which only contains hyperbolic elements (and the
identity). Let γ be a hyperbolic element of Γ and let p± be the attractive and repulsive
fixed points of γ respectively. If α, β are elements of Γ having no fixed points in common
with γ, then there exists N > 0 such that, for |n| > N , the subgroup of Isom(M) generated
by γnαγ−n and by β is a Schottky group.
Proof: Since α does not fix p−, we find that the fixed points of γ
−nαγn tend towards p+
as n tends towards +∞. By hypothesis, p+ is not a fixed point of β. Moreover, α is not
equal to the identity and is thus hyperbolic. Next, we see that:
‖γ−nαγn‖ = ‖α‖ > 0.
By the preceeding lemma, there exists N > 0 such that, for n > N , the subgroup of
Isom(M) generated by γ−nαγn and β is a Schottky group. A similar reasoning permits
us to prove the result for n negative, and the result now follows. 
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2.5 Proofs of Main Results of This Section.
We are now in a position to prove the propositions stated in the introduction to this
section:
Proof of Proposition 2.2:
(1) This holds for all k.
(2) This holds for all but one values of k. There thus exists K such that, for |k| > K, the
application δk is hyperbolic.
(3) For |k| > K, the mapping δnkα is hyperbolic for all but one values of n. Suppose
that there exists n 6= n′ such that δnkα and δ
n′
k α have the same fixed points as βα
k. The
mapping δk thus has the same fixed points as βα
k. Consequently, so does α, and thus also
β. This is absurd.
(4) For |k| > K, this holds for all but one values of n, and the result now follows. 
Proof of Proposition 2.3: We begin by showing that, after exchanging ξ and η if
necessary, there exists K ∈ N such that for |k| > K, the mapping δk = ηβα
k has no fixed
point in common with ξ. We suppose the contrary in order to obtain a contradiction.
Suppose that there exists k 6= k′ such that ηβαk and ηβαk
′
both share the same fixed
points as ξ. Suppose, moreover, that ξβαk and ξβαk
′
both share the same fixed points as
η. From the first condition, we conclude that α has the same fixed points as ξ, and from
the second we conclude that α has the same fixed points as η. It therefore follows that
both α and β have the same fixed points, which is absurd. The result now follows.
We now suppose that there exists k 6= k′ such that δk and δk′ have the same fixed points
as η. It follows that α does too, and thus so does β, which is absurd. Consequently, there
exists K such that for |k| > K:
Fix(δk)∩Fix(η) = ∅.
In particular, δk is hyperbolic. Moreover, we may assume that, for all |k| > K:
Fix(δk)∩Fix(ξ) = ∅.
It follows by corollary 2.10 that there exists N1(k) such that, for |n| > N1(k) the group
generated by 〈δnk ξδ
−n
k , η〉 is a Schottky group. The result now follows. 
Proof of Proposition 2.4: If σ = Id, then Jk = αβ for all k. This is necessarily
hyperbolic, and the result follows in this case. Now suppose that σ is hyperbolic. Suppose
that there exists k 6= k′ such that Jk = Jk′ = Id. Then:
Id = JkJ
−1
k′ .
If we denote n = k − k′, we obtain:
σnασ−n = α
⇒ Fix(α) · σ−n = Fix(α)
⇒ Fix(α) = Fix(σ).
11
Equivariant Plateau Problems
Likewise, Fix(β) = Fix(σ) = Fix(α), which is absurd. The result now follows. 
Proof of Proposition 2.5:
(1) Since 〈ξ, η〉 is a Schottky group:
αβα−1β−1 = ηξ 6= ξ
⇒ αβα−1β−1ξ−1 6= Id
⇒ βα−1β−1ξ−1α 6= Id.
(2) We suppose that there exists k 6= k′ such that βαk and βαk
′
share the same fixed
points. It follows that α, and thus also β, share the same fixed points as these mappings,
which is absurd. Consequently, there exists K1 such that, for |k| > K1, the application
γk has no fixed points in common with ξ or βα
−1β−1ξ−1α. By conjugation, for |k| > K1,
αγkα
−1 has no fixed point in common with αβα−1β−1ξ−1. Moreover, for |k| > K1, the
application δk = ξγk does not have any fixed points in common with γk.
(3) If Fix(δk) = Fix(η), then δk commutes with η. Thus, 〈ξ, δ
−n
k ηδ
n
k 〉 = 〈ξ, η〉 is a Schottky
group for all n. Otherwise, Fix(δk)∩Fix(η) = ∅. Since Fix(δk)∩Fix(ξ) 6= ∅, it follows by
corollary 2.10 that there exists N1(k) such that, for |n| > N1(k), the group 〈ξ, δ
−n
k ηδ
n
k 〉 is
a Schottky group.
(4) If δk shares the same fixed points as αγkα
−1, then so does αβα−1β−1ξ−1, which is
absurd by (2). If δk shares the same fixed points as γk, then so does ξ, which is also
absurd by (2). It thus follows by corollary 2.10 that there exists N2(k) > N1(k) such that,
for |n| > N2(k), the group 〈αγkα
−1, δnk
−1γ−1k δ
n
k 〉 is a Schottky group, and the result now
follows by conjugation with α. 
3 - The Trouser Decomposition.
3.1 Introduction.
Throughout this section (M,Q) denotes a pointed, compact, Riemannian manifold of
strictly negative sectional curvature, (M˜, Q˜) denotes its universal cover, (Σ, P ) denotes
a pointed, compact surface of genus at least 2 and θ : π1(Σ, P )→ π1(M,Q) denotes a rep-
resentation of π1(Σ, P ) in π1(M,Q). In [4], Gallo, Kapovich and Marden obtain a trouser
decomposition of Σ such that the θ-image of the fundamental group of each trouser is a
Schottky group. In this section, we will prove the following lemma, which is the generali-
sation to our framework of this part of Gallo, Kapovich and Marden’s result:
Lemma 3.1
Let (M,Q) be a pointed, compact, three dimensional Riemannian manifold of strictly neg-
ative sectional curvature. Let (Σ, θ) be a pointed, orientable, compact surface of hyperbolic
type (i.e. of genus greater than or equal to 2) with holonomy in π1(M,Q). Then there
exist bound, marked trousers (Ti, θi, βi)16i62g−2 with holonomy in π1(M,Q) such that:
(i) for all i, the image of θi is a Schottky group, and
12
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(ii)
(Σ, θ) ∼=
g
©
i=1
(
2g−2
∪
i=1
(Ti, θi, βi)).
The terms and terminology used in the statement of this lemma will be explained in the
second and third parts of this section. The proof of this lemma is an immediate consequence
of Propositions 3.2, 3.6 and 3.9.
In the second part of this section, we define the notion of a marked surface with holonomy
in a group G. In the third part, we define the notion of a binding, which is required as a
bookkeeping measure in order to recover correctly the fundamental group after the surface
has been cut up into trousers. In the remaining parts, we successively decompose the
surface Σ, proving Propositions 3.2, 3.6 and 3.9.
3.2 Marked Surfaces and Handles.
The group π1(M,Q) may be considered as a subgroup of the group of isometries of M˜ .
Since M is compact, every element of π1(M,Q)\{Id} has a hyperbolic action over (M˜, Q˜).
If a and b are two points in ∂∞M˜ , and if γ ∈ π1(M,Q), then γ cannot send a to b and b
to a, since, otherwise, it would be elliptic. Moreover, we recall that the fixed point sets of
two elements of π1(M,Q) are either disjoint or equal.
Let G be a group. We define a marked surface with holonomy in G to be a triplet of:
(i) a pointed compact surface with boundary (Σ, ∂Σ, P0), with ∂Σ oriented such that the
interior of Σ lies to its left,
(ii) for every connected component Cα of ∂Σ, a point Qα ∈ Cα, which is the base point of
Cα, and
(iii) a homomorphism θ : π1(Σ, P0)→ G.
By slight abuse of notation, we will refer to the marked surface with holonomy simply by
(Σ, θ). Every closed curve in Σ defines canonically a conjugacy class in π1(Σ, P0). For such
a closed curve, a, we denote the corresponding conjugacy class by [a]. The θ-image of [a]
defines a conjugacy class in G which we denote by θ[a]. If G is a subgroup of π1(M,Q),
and if one element in a given conjugacy class of G is hyperbolic, then all elements in that
conjugacy class are hyperbolic, and the class is said to be hyperbolic. A closed curve a
in (Σ, θ) is then said to be hyperbolic if and only if θ[a] is hyperbolic.
Every pair (a, b) of simple closed curves in Σ with the same base point generates a conjugacy
class of pairs in π1(Σ, P0). Indeed, with x a curve joining P0 to the common base point of
a and b, we define:
(a, b)x = (x
−1ax, x−1bx) ∈ π1(Σ, P0)× π1(Σ, P0).
The conjugacy class of this pair is independant of x0, and we denote it by [a, b].
The θ-image of the class [a, b] defines a conjugacy class of pairs in G which we denote
by θ[a, b]. Every element of θ[a, b] generates a subgroup of G, and θ[a, b] thus defines a
13
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conjugacy class of subgroups of G which we denote by 〈θ[a, b]〉. If G is a subgroup of
π1(M,Q), a subgroup in a given conjugacy class in G is a Schottky group if and only if
every group in that class is too, and the class is said to be Schottky. The pair (a, b) is
said to be Schottky if and only if 〈θ[a, b]〉 is Schottky. We define a non-elementary pair
and a non-elementary class in the same manner.
Let (Σ, θ) be a marked surface with holonomy in G. A marked handle in (Σ, θ) is a
pair (a, b) of non-dividing simple closed curves in (Σ, θ) such that a and b only intersect
at their common base point, and b crosses a from right to left. When G is a subgroup of
the group π1(M,Q), we say that (a, b) is a hyperbolic handle if and only if both a and
b are hyperbolic. We say that the handle (a, b) is non-elementary or Schottky if and
only if, viewed as a pair, it is non-elementary or Schottky respectively.
Finally, for (Σ, θ) a marked surface with boundary with holonomy in G, and for a given
family, (Qi)i∈F of points in (Σ, θ), we define a sash to be a set of simple curves (γi)i∈F in
(Σ, θ) indexed by the same set as (Qi)i∈F such that:
(i) for every i, γi goes from P0 to Qi,
(ii) for every i 6= j, γi only intersects γj at P0,
(iii) for every i, γi can only intersect ∂Σ at Qi.
Sashes permit us to identify objects in Σ (curves, marked handles, etc.) explicitly with
elements or pairs of elements of π1(Σ, P0).
When we define many such geometric structures over (Σ, θ), we will assume them to be
disjoint, except, possibly, at their end or base points.
3.3 Bindings.
Let G be a group. Let (Σ, θ) be a marked surface with holonomy in G. Suppose that
Σ has n boundary components, and let (Ci, Qi)16i6n be the pointed oriented boundary
components of Σ. For every i, denote the set of all homotopy classes of curves in Σ going
from P0 to Qi by π1(Σ, P0, Qi). A binding of (Σ, θ) is a set of mappings (βi)16i6n such
that:
(i) for every i, βi maps π1(Σ, P0, Qi) into G, and
(ii) for every i, βi is equivariant under θ with respect to the canonical right action of
π1(Σ, P0) on π1(Σ, P0, Qi). In otherwords, for all ξ ∈ π1(Σ, P0, Qi), and for all η ∈
π1(Σ, P0):
βi(ξη) = βi(ξ)θ(η).
We will denote the binding by β, and, for every i, we will write β instead of βi when there
is no danger of ambiguity. A marked surface (Σ, θ) carrying a binding, β, will be said to be
bound. We will denote the bound marked surface with holonomy in G by (Σ, θ, β). For
any oriented, pointed boundary component (C,Q) of Σ, we define the element β(C) ∈ G
such that, for all ξ ∈ π1(Σ, P0, Q):
β(C) = β(ξ)θ(ξ−1Cξ)β(ξ)−1.
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Let (Σ, θ, β) and (Σ′, θ′, β′) be bound marked surfaces with holonomy in G. Let (C,Q)
and (C′, Q′) be oriented, pointed boundary components of Σ and Σ′ respectively. Let
ϕ : (C,Q)→ (C′−1, Q′) be an orientation reversing homeomorphism. Let Σ ∪ϕ Σ
′ be the
surface obtained by joining Σ to Σ′ along ϕ. We identify all objects (points, curves, etc.)
in Σ and Σ′ with the corresponding objects in Σ∪ϕ Σ
′ and vice-versa. We take the base
point of Σ ∪ϕ Σ
′ to be that of Σ.
We say that (θ, β) and (θ′, β′) may be joined along ϕ if and only if β(C)−1 = β′(C′). In
this case, we define θ ∪ϕ θ
′, the joined union of θ and θ′ along ϕ, such that:
(i) for all x ∈ π1(Σ, P0):
(θ ∪ϕ θ
′)(x) = θ(x),
and
(ii) for all x ∈ π1(Σ
′, P ′0), ξ ∈ π1(Σ, P0, Q) and η ∈ π1(Σ
′, P ′0, Q
′):
(θ ∪ϕ θ
′)(ξ−1ηxη−1ξ) = β(ξ)−1β′(η)θ′(x)β′(η)−1β(ξ).
The join condition on (θ, β) and (θ′, β′) ensures that θ∪ϕθ
′ is a well defined homomorphism
from π1(Σ ∪ϕ Σ
′, P0) into G. We may also define β ∪ϕ β
′, the joined union of β and β′
along ϕ in the same manner, with the join condition again ensuring that β ∪ϕ β
′ is well
defined. In the sequel, the homeomorphism ϕ will be suppressed, and we thus denote:
(Σ, θ, β) ∪ (Σ′, θ′, β′) = (Σ ∪ Σ′, θ ∪ θ′, β ∪ β′).
In a similar manner, we may join a bound marked surface to itself along an orientation
reversing homeomorphism between two boundary components. We denote the join of
(Σ, θ, β) to itself by:
©(Σ, θ, β) = (©Σ,©θ,©β).
For surfaces with many boundary components, this process may be iterated, and we will
refer to the n-fold join of (Σ, θ, β) to itself by:
©n(Σ, θ, β).
3.4 Slicing Open The Surface.
In this subsection, we will prove the following result:
Proposition 3.2
Let (M,Q0) be a pointed, compact, three dimensional manifold of strictly negative sec-
tional curvature. let (Σ, θ) be a compact surface without boundary of genus g > 2 with
holonomy in π1(M,Q0).
If the image of θ is non-elementary, then there exists (Σ2g−2, θ2g−2, β2g−2), a bound marked
surface with holonomy in π1(M,Q0) of genus 1 with a non-elementary marked handle (a, b)
and having 2g − 2 boundary components, such that:
(i) every connected component of ∂Σ2g−2 is hyperbolic, and
(ii) (Σ, θ) is homeomorphic to ©g−1(Σ2g−2, θ2g−2, β2g−2).
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If Σ is a closed surface of genus g > 2, then we define a canonical basis of Σ to be
an n-tuple [(a1, b1), ..., (an, bn)] of pairs of simple closed curves in Σ which correspond to
handles in Σ, such that:
(i) for all i 6= j the pairs (ai, bi) and (aj , bj) are disjoint,
(ii) for all i, the curves ai and bi have a common base point, which is their only shared
point and which we denote by Qi, and
(iii) for all i, bi crosses ai from right to left.
We have the following result:
Proposition 3.3
Let (M,Q0) be a pointed compact three dimensional Hadamard manifold of strictly nega-
tive sectional curvature. Let (Σ, θ) be a compact surface without boundary of genus g > 2
with holonomy in π1(M,Q0). Let [(a1, b1), ..., (an, bn)] be a canonical basis of Σ.
If θ is non-elementary, then there exists a homeomorphism Φ of Σ such that Φ∗(a1, b1) is
non-elementary.
Proof: Since the image of θ is non-elementary, after composing with a homeomorphism
of Σ which permutes the generators of π1(Σ), we may suppose that the class θ(a1) is
hyperbolic. For all i, let Qi be the common base point of ai and bi. Let (ci)16i6g be a
sash of (Qi)16i6g. Let us define a = c
−1
1 a1c1 and b = c
−1
1 b1c1. Let us next define α = θ(a)
and β = θ(b). There are two cases:
(1) β does not have any fixed points in common with α. In this case, we take Φ = Id and
we obtain the desired result.
(2) β has two fixed points in common with α (in particular, β could be the identity). Since
Γ is non-elementary, there exists x ∈
{
c−1i aici, c
−1
i bici|2 6 i 6 n
}
such that ξ = θ(x) does
not have any fixed points in common with α.
We may orient x such that C = ax is freely homotopic to a simple closed curve. Let T
be the Dehn twist about C. In order to simplify the discussion, we identify Q1 with P0.
Figure 3.1 shows the handle of Σ defined by (a, b) opened up by cutting along a and b.
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Rest of Σ
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Figure 3.1
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The curve x terminates at P0 without crossing either a or b. This corresponds to one of the
four topologically distinct configurations xA,xB,xC or xD shown in figure 3.1. By defining
C using a slightly displaced copy of a, we may ensure that C never crosses a. If x is in one
of the configurations A or B, this would correspond to taking a copy of a displaced to its
left, and if x is in one of the configurations C or D, then this would correspond to taking
a copy of a displaced to its right, as shown in figure 3.1. If we choose x in configuration
A, then the Dehn twist, T , about C satisfies:
T∗a = a, T∗b = bax.
Now:
Fix(βαξ) = Fix(α)⇔ Fix(ξ) = Fix(α).
It thus follows that Fix(βαξ)∩Fix(α) = ∅. Defining Ψ = T , we obtain the desired home-
omorphism. 
We next have:
Proposition 3.4
Let (M,Q0) be a pointed compact three dimensional Hadamard manifold of strictly nega-
tive sectional curvature. Let (Σ, θ) be a compact surface without boundary of genus g > 2
with holonomy in π1(M,Q0). Let [(a1, b1), ..., (ag, bg)] be a canonical basis of Σ.
If (a1, b1) is non-elementary, then, for all i different to 1, there exists a homeomorphism Ψ
of Σ such that:
(1) Ψ∗(a1, b1) is non-elementary,
(2) Ψ∗ai and Ψ∗bi are hyperbolic, and
(3) for all j different from 1 and i, the application Ψ∗ acts on aj and bj by conjugation.
Using induction, we thus obtain the following result:
Corollary 3.5
With the same hypotheses as in Proposition 3.4, there exists a homeomorphism Ψ such
that:
(1) Ψ∗(a1, b1) is non-elementary, and
(2) for all i different from 1, Ψ∗ai and Ψ∗bi are hyperbolic.
Proof of Proposition 3.4: For all i, let Qi be the common base point of ai and bi. Let
(ci)16i6g be a sash of (Qi)16i6g. As before, we denote a = c
−1
1 a1c1 and b = c
−1
1 b1c1. We
now define α = θ(a), and β = θ(b). For a given i different to 1, we denote x = c−1i aici,
and y = c−1i bici, and we define ξ = θ(x) and η = θ(y).
We orient y such that C = yb is freely homotopic to a simple closed curve. We denote
d0 = yb. Let T0 be a Dehn twist about C. The curves c1 and ci may be chosen such that:
(T0)∗a = d0a, (T0)∗b = b,
(T0)∗x = d0x, (T0)∗y = y.
17
Equivariant Plateau Problems
Since (T0)∗ leaves d0 invariant, we obtain, for all n:
(Tn0 )∗a = d
n
0a, (T
n
0 )∗b = b,
(Tn0 )∗x = d
n
0x, (T
n
0 )∗y = y.
Moreover, for all j different from 1 and i, since d0 only intersects cj near P0, it follows
that (T0)∗ acts on (aj , bj) by conjugation. Let Ta be the Dehn twist about a such that,
for all k:
(T ka )∗a = a, (T
k
a )∗b = ba
k,
(T ka )∗x = x, (T
k
a )∗y = y.
For all j different to 1, since a stays away from (aj, bj), (Ta)∗ has no effect on this pair.
We define Ψk,n : Σ→ Σ by:
Ψk,n = T
k
a T
n
0 T
−k
a .
If, for all k, we define dk by dk = yba
k, then we obtain:
(Ψk,n)∗a = d
n
ka, (Ψk,n)∗ba
k = bak,
(Ψk,n)∗x = d
n
kx, (Ψk,n)∗y = y.
Where dk = yba
k. Moreover, for all j different to 1 and i, the mapping Ψk,n acts on (aj, bj)
by conjugation. We now choose k and n as in Lemma 2.2. If η is hyperbolic, then, taking
Ψ = Ψk,n, we obtain the desired result. Otherwise, η = Id, and we may take a Dehn twist
T about x such that Ty = xy and which leaves all the other curves invariant. We see that:
θ(Ψk,n)∗T∗y = θΨk,n∗xy = θd
n
kxy = δ
n
k ξ,
and this is hyperbolic. We thus denote Ψ = Ψk,n ◦T and we once again obtain the desired
result. 
The proof of Proposition 3.2 is now elementary:
Proof of Proposition 3.2: Let [(a1, b1), ..., (an, bn)] be a canonical basis of Σ. By
Proposition 3.3 and corollary 3.5, we may suppose that (a1, b1) is a non-elementary marked
handle and that, for all 2 6 i 6 n, ai and bi are hyperbolic.
We obtain Σ2g−2 by cutting Σ along each ai for 2 6 i 6 n. We identify objects (points,
curves etc.) in Σ with the corresponding objects in Σ2g−2, and vice-versa. For each i, we
denote by Ci,− the copy of ai in Σ2g−2 from which bi leaves and by Ci,+ the copy of a
−1
i
in Σ2g−2 at which bi arrives, and we define Qi,± to be the copy of Qi lying in Ci,±. Let
(γi)26i6n be a sash of (Qi,−)26i6n. We define the the binding β2g−2 over Σ2g−2 such that,
for all i:
β2g−2(γi) = Id,
β2g−2(biγi) = θ(γ
−1
i biγi).
We may verify that this binding satisfies the appropriate join conditions and that:
(Σ, θ) ∼= ©g−1(Σ2g−2, θ2g−2, β2g−2).
Finally, we define the marked handle (a, b) in Σ2g−2 by:
(a, b) = (a1, b1).
Since (a1, b1) is hyperbolic, so is (a, b), and the result now follows. 
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3.5 Pruning.
In this subsection, we aim to prove the following result:
Proposition 3.6
Let (M,Q) be a pointed, compact, three dimensional manifold of strictly negative sec-
tional curvature. Let (Σ2g−2, θ2g−2, β2g−2) be a bound marked surface with holonomy in
π1(M,Q) of genus 1 having 2g− 2 boundary components, all of which are hyperbolic, and
a non-elementary marked handle (a, b). There exists:
(i) a bound marked surface (Σ2, θ2, β2) with holonomy in π1(M,Q), and
(ii) 2g − 4 bound, marked trousers (Ti, ϕi, βi)16i62g−4 with holonomy in π1(M,Q),
such that:
(Σ2g−2, θ2g−2, β2g−2) ∼= (Σ2, ϕ2, β2)
2g−4
∪
i=1
(Ti, ϕi, βi),
and:
(i) (Σ2, θ2, β2) has genus 1, two hyperbolic boundary components and a non-elementary
marked handle (a′, b′), and
(ii) for all i, the image of ϕi in π1(M,Q) is a Schottky group.
We begin with the following proposition:
Proposition 3.7
Let (M,Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (Σn, θn, βn) be a bound marked surface with holonomy in π1(M,Q) of
genus 1 having n hyperbolic boundary components and a non-elementary marked handle
(a, b).
Let x1 and y1 be two boundary components of Σn. Let c be a simple curve joining x to y
which is disjoint from x1, y1, a1 and b1 except possibly at its end points.
There exists a homeomorphism Ψ : (Σn, ∂Σn, P0)→ (Σn, ∂Σn, P0) of Σn such that:
(1) Ψ∗(a1, b1) is non-elementary,
(2) if z is a boundary component of Σ different to x1 and y1, then Φ∗ acts on z by
conjugation (thus, if θ(z) is hyperbolic, then θΦ∗z is hyperbolic), and
(3) Ψ∗(x1, c
−1y1c) is Schottky (and thus, in particular, x1c
−1y1c is hyperbolic).
Proof: Let Q0 be the common base point of a1 and b1. Let Qx and Qy be the base points
of x and y resp. Let (c0, cx) be a sash of (Q0, Qx). We define:
a = c−10 a1c0, b = c
−1
0 b1c0,
x = c−1x x1cx, y = (ccx)
−1y1(ccx).
We denote α = θn(a), β = θn(b), ξ = θn(x) and η = θn(y).
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We may suppose that b is oriented such that C = yb is homotopic to a simple closed curve.
we denote d0 = yb. Let T0 be a Dehn Twist about C. We may suppose that ca and cx are
chosen such that:
(T0)∗a = d0a, (T0)∗b = b,
(T0)∗x = d0xd
−1
0 , (T0)∗y = y.
Since (T0)∗ is a homomorphism which leaves d0 invariant, we obtain, for all n:
(Tn0 )∗a = d
n
0a, (T
n
0 )∗b = b,
(Tn0 )∗x = d
n
0xd
−n
0 , (T
n
0 )∗y = y.
We choose a Dehn twist Ta about a such that, for all k:
(T ka )∗a = a, (T
k
a )∗b = ba
k,
(T ka )∗x = x, (T
k
a )∗y = y.
We define Ψk,n : Σ2n−2 → Σ2n−2 by:
Ψk,n = T
k
a T
n
0 T
−k
a
Denoting dk = yba
k, We have:
(Ψk,n)∗a = d
n
ka, (Ψk,n)∗ba
k = bak,
(Ψk,n)∗x = d
n
kxd
−n
k , (Ψk,n)∗y = y.
We choose k and n as in Lemmata 2.2 and 2.3, and we denote Ψ = Ψk,n. The first result
follows from the first and third conclusions of Lemma 2.2. Since Ψ is a product of Dehn
twists, it acts on paths corresponding to boundary components by conjugation. The second
result now follows. The third result follows from Lemma 2.3. 
This yields:
Corollary 3.8
With the same hypotheses as in Proposition 3.7, there exists:
(i) a bound marked trouser (T, θ, β) with holonomy in π1(M,Q), and
(ii) a bound marked surface (Σn−1, θn−1, βn−1) with holonomy in π1(M,Q),
such that:
(Σn, θn, βn) ∼= (Σn−1, θn−1, βn−1) ∪ (T, θ, β),
and,
(i) (Σn−1, θn−1, βn−1) has genus 1, n − 1 hyperbolic boundary components, and a non-
elementary marked handle (a′, b′),
(ii) the image of θ in π1(M,Q) is a Schottky group.
Proof: We may suppose that (Σ, θ) satisfies the conclusions of Proposition 3.7. Cutting
Σn along a curve freely homotopic to x1c
−1y1c which does not intersect either a or b, we
obtain the desired result as in the proof of Proposition 3.2. 
We may now prove Proposition 3.6:
Proof of Proposition 3.6: This follows directly from induction and corollary 3.8. 
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3.6 Untying The Root.
In this subsection, we aim to prove the following result:
Proposition 3.9
Let (M,Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (Σ2, θ2, β2) be a bound marked surface with holonomy in π1(M,Q) of genus
1 having 2 hyperbolic boundary components and a non-elementary marked handle (a, b).
There exist bound marked trousers (Ti, θi, βi)16i62 with holonomy in π1(M) such that:
(i) (Σ2, θ2, β2) ∼= [©(T1, θ1, β1)] ∪ (T2, θ2, β2), and
(ii) the images of θ1 and θ2 are Schottky groups.
We begin by proving the following proposition:
Proposition 3.10
Let (M,Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (Σ2, θ2, β2) be a bound marked surface with holonomy in π1(M,Q) of genus
1 having 2 boundary components and a non-elementary marked handle (a, b).
Let x1 and y1 be the two oriented boundary components of Σ2, and let c be a curve in
Σ2 joining the base point of y to that of x, but otherwise disjoint from a1,b1,x1 and y1.
There exists a homeomorphism Ψ of Σ2 such that Ψ∗(c
−1x1c, y1) and Ψ∗(a
−1
1 b1a1, b1) are
Schottky.
Proof: Let Q0 be the common base point of a and b. Let Qx and Qy be the base points
of x and y respectively. Let (c0, cx, cy) be a sash of (Q0, Qx, Qy). We denote:
a = c−1a a1ca, b = c
−1
a b1ca,
x = c−1x x1cx, y = c
−1
y y1cy.
We may assume that c = a−1b−1ab is freely homotopic to (yx)−1. We denote:
α = θ2(a), β = θ2(b), ξ = θ2(x), η = θ2(y), σ = θ2(c).
By Proposition 3.7, we may suppose that 〈ξ, η〉 is a Schottky group and that 〈α, β〉 is
non-elementary. Let Tc be the Dehn twist about c such that, for all m:
Tmc a = a, T
m
c b = b,
Tmc x = c
mxc−m, Tmc y = c
myc−m.
By Proposition 2.4, after replacing θ with θ ◦ (Tc)∗ if necessary, we may suppose that
J = ξβ is not equal to the identity. For k ∈ N, we define dk = xba
k. We may assume that
xb is freely homotopic to a simple closed curve, and, as in the proofs of Lemmata 3.2 and
3.6, using Dehn twists, for all k and for all n, we may construct a homeomorphism Ψk,n
of Σ2 such that:
(Ψk,n)∗a = d
n
ka, (Ψk,n)∗ba
k = bak,
(Ψk,n)∗x = x, (Ψk,n)∗y = d
−n
k yd
n
k .
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Where dk = xba
k. Choosing k and n as in Lemma 2.5, we obtain the desired result. 
We now obtain Proposition 3.9:
Proof of Proposition 3.9: This follows directly by applying Proposition 3.10 and then
cutting along curves freely homotopic to yx and to b. 
4 - Invariant Domains of Schottky Groups.
4.1 Introduction.
Throughout this section, (M,Q) will be a pointed three dimensional Hadamard manifold
and Γ = 〈α, β〉 will be a Schottky subgroup of Isom(M,Q). In this section, we study the
algebraic properties of Schottky groups.
We define an invariant domain of Γ to be a Jordan domain Ω contained in ∂∞M which
is invariant under the action of Γ. Invariant domains are easy to construct. Indeed, let
Γ′ be any Schottky subgroup of PSL(2,C) which preserves the real line. Let φ : Γ → Γ′
be an isomorphism, and let Φ : ∂∞M → Cˆ be a homeomorphism which intertwines with
φ (which we construct in appendix A). Φ−1(Rˆ) is a Jordan curve in ∂∞M , and both
connected components of its complement are invariant domains.
Trivially, for any invariant domain, Ω:
Fix(Γ) ⊆ ∂Ω.
We define Ωˆ by:
Ωˆ = Ω \ Fix(Γ).
For every element γ of Γ we define γ− and γ+ to be the repulsive and attractive fixed
points of γ respectively. We say that γ is simple when there exists no other element η
in Γ and no n > 2 such that γ = ηn. For γ a simple element, we say that a connected
component I of ∂Ω \ Fix(Γ) is adapted to γ if and only if, viewed as an oriented subarc
of ∂Ω, it runs from γ− to γ+ (and thus has γ± as its endpoints).
Such a connected component, when it exists, is unique. We say that Ω is adapted to the
generators (α, β) when both of α and β have adapted components in ∂Ω. Trivially, the
invariant domain Ω, constructed as above is adapted to the generators (α, β).
We show (Proposition 4.2) that Γ acts properly discontinuously over Ωˆ and that its quotient
is a compact topological surface with boundary. When Ω is adapted to the generators
(α, β), the adapted components of α and β project down to boundary components of Ωˆ/Γ,
and since α and β cannot be conjugate in Γ, these components are distinct. Thus, since
its fundamental group is the free group on two generators, Ωˆ/Γ is a trouser.
This would already allow us to construct equivariant Plateau problems over a given bound,
marked trouser (T, θ, β) with holonomy in π1(M,Q) such that θ is a Schottky group. The
solution is by no means unique, and in order to solve the more general problem, we are
required to study in more depth the algebraic properties of adapted invariant domains.
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If γ is a hyperbolic element of Γ, we define the torus Tγ by:
Tγ = (∂∞M˜ \ {γ±})/〈γ〉.
For any hyperbolic element γ of Γ, we canonically define a preferred one dimensional
subspace Lγ of H1(Tγ). We may also associate to any invariant domain Ω of Γ a unique
element [Ω]γ in H1(Tγ). This element necessarily lies in Lγ (see section 4.4).
Let Homeo0(∂∞M) denote the connected component of the space of homeomorphisms of
∂∞M which contains the identity. There exists a canonical homomorphism of π1(M,Q)
into Homeo0(∂∞M). We may show (see corollary 4.5) that if Ho˜meo0(∂∞M) denotes the
universal cover of Homeo0(∂∞M), then it is a two-fold covering. For every hyperbolic
element γ of Γ, we may canonically define a mapping Liftγ : Lγ → Ho˜meo0(∂∞M).
The main result of this section, which allows us to establish the obstruction to constructing
a π1(M,Q) structure over a closed surface Σ with holonomy in π1(M,Q) may now be
expressed as follows:
Lemma 4.1
Let Γ = 〈α, β〉 be a Schottky group. Let us denote γ = αβ. Let ([a]α, [b]β, [c]γ) be a
triplet in Lα × Lβ × Lγ . There exists an invariant domain, Ω, of Γ in ∂∞M adapted to
the generators (α, β) such that:
[Ω]α = [a]α, [Ω]β = [b]β, [Ω]γ = [c]γ ,
if and only if:
Liftγ([c]γ)
−1Liftα([a]α)Liftβ([b]β) 6= Id.
The proof of this result follows immediately from Propositions 4.7 and 4.8.
In the second part of this section, we review the geometric properties of invariant domains,
justifying the assertions made in this introduction. In the third part, we review the topol-
ogy of the group of homeomorphisms of the sphere and the properties of braid groups of
order three in the sphere. In the fourth part, we define the element [Ω]γ , for any hyperbolic
element, γ, of Γ and any invariant domain, Ω, of Γ. Finally, in the fifth part, we prove
Propositions 4.7 and 4.8.
4.2 Invariant Domains.
In this section, we study the geometric properties of invariant domains. The following
result is fairly trivial:
Propositon 4.2
Γ acts properly discontinuously on Ωˆ and Ωˆ/Γ is compact.
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Since the fundamental group of Ωˆ/Γ is isomorphic to the free group on two generators,
Ωˆ/Γ is either a trouser or a punctured torus. We consequently restrict our attention to
invariant domains which are adapted to these generators, since, in this case, the adapted
components of α and β project down to distinct boundary components of Ωˆ/Γ and Ωˆ/Γ is
consequently a trouser.
In the sequel, we will require the following technical result concerning adapted invariant
domains:
Proposition 4.3
Let Ω be an invariant domain of Γ adapted to the generators (α, β). Let γ and δ be the
elements of Γ defined by:
γ = αβ, δ = βα.
If α±,β±,γ± and δ± are the fixed points of these four elements, then they are distributed
round ∂Ω in the following order:
α−, α+, δ+, δ−, β−, β+, γ+, γ−.
Proof: Let p be one of the fixed points of γ. We have:
(p · α) · δ = p · (αβα) = (p · γ) · α = p · α.
Consequently, α sends the fixed points of γ to those of δ, and so γ± · α = δ±. Likewise
δ± · β = γ±. Let Iα and Iβ be the adapted components of α and β respectively.
Since α preserves orientation, it also preserves Iα and I
C
α , Moreover, it shifts all points in
Iα and I
C
α towards α
+. Consequently, the attractive and repulsive fixed points of α,γ and
δ appear in the following order as one moves around ∂Ω in the positive direction:
α−, α+, δ±, γ±.
Similarly, the mapping β shifts all points in Iβ and I
C
β towards β
+. Thus, the attractive
and repulsive fixed points of β,γ and δ appear in the following order as one moves around
∂Ω in the positive direction:
β−, β+, γ±, δ±.
Since the mapping α, which sends the fixed points of γ to those of δ, is an orientation
preserving mapping, it follows that, as one moves round ∂Ω in the positive direction, γ−
and γ+ appear in the same order as δ− and δ+. Moreover, since Iα and Iβ are adapted
components, they have no fixed points of Γ in their interiors, and so, combining all this
information, we find that these eight fixed points appear round ∂Ω in the following order:
α−, α+, δ±, δ∓, β−, β+, γ±, γ∓.
Let p be the fixed point of γ lying closest to β+ in I
C
β . Let q be the fixed point of δ lying
closest to α+ in I
C
α . The point p is also the fixed point of γ lying closest to α+ in I
C
α .
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Since α preserves orientation, we have p · α = q. The points α± lie between q and β+ in
ICβ . Consequently, the points α± · γ = α± · β lie between p = p · γ = q · β and β+ in I
C
β .
Let I1 and I2 be the two connected components of ∂Ω \ {γ±}. The mapping γ shifts all
points in the intervals I1 and I2 towards γ+. We may suppose that I1 is the component
containing α±. Since α+ ·γ lies between p and β+ in I
C
β , it follows that it also lies between
α+ and p in I1. The point p is consequently the attractive fixed point of γ and the result
now follows. 
4.3 Braids and the Topology of Homeo0(∂∞M).
For any topological surface Σ, let Homeo0(Σ) be the connected component of Homeo(Σ)
that contains the identity. There exists a canical embedding of the group π1(M,Q) into
Homeo0(∂∞M). We may thus consider the mapping θ as a homomorphism of π1(Σ, P0)
taking values in the group Homeo0(∂∞M).
Let X ⊆ Y be topological spaces. We define a strong deformation retraction of Y
onto X to be a mapping ψ : I × Y → Y such that:
(i) ψ0 : Y → Y is the identity,
(ii) ψ1(Y ) ⊆ X , and
(iii) for all t ∈ I, the restriction of ψt to X is the identity.
Let us denote by S2 ⊆ R3 the sphere of radius 1 in R3. We recall the following result
concerning the homotopy type of Homeo0(S
2) (see [3], [6]):
Theorem 4.4 [Friberg, 1973]
The space Homeo0(S
2) retracts by strong deformations onto SO(3,R).
In particular, we obtain:
Corollary 4.5
π1(Homeo0(∂∞M), Id) ∼= π1(SO(3,R), Id) ∼= Z2.
A braid of order 3 in ∂∞M is a triple γ = (γ1, γ2, γ3) where γ1, γ2, γ3 : I → S
2 are curves
such that, for all t ∈ I, the points γ1(t), γ2(t) and γ3(t) are all distinct. The interested
reader may find a more detailed treatment of braids in general in [9] or in appendix D of
[8]. For all t ∈ I, we denote:
γ(t) = (γ1(t), γ2(t), γ3(t)).
We call the point γ(0) the base point of the braid γ . We say that the braid is closed
if and only if γ(0) = γ(1). Let γ0 and γ1 be two braids having the same endpoints. A
homotopy between γ0 and γ1 is a continuous family (ηt)t∈I of braids having the same
extremities as γ0 and γ1 such that:
η0 = γ0, η1 = γ1.
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For p = (p1, p2, p3) a triplet of distinct points in ∂∞M , we denote by Tp the family of braids
of order 3 in ∂∞M having p as a base point. Likewise, we denote by T
0
p
the subfamily of
T
p
consisting of all the closed braids in T
p
. Let ∼ be the homotopy equivalence relation
over T
p
. The law of composition of curves yields the law of composition of braids, and the
set T
p
/ ∼ thus forms a semigroup. Likewise, T 0
p
/ ∼ forms a group. For γ = (γ1, γ2, γ3) a
braid in T
p
, we denote by [γ ] = [γ1, γ2, γ3] its projection in Tp/ ∼.
Let C0(I,Homeo0(∂∞M)) denote the family of continuous curves in Homeo0(∂∞M) leaving
from the identity. For any triplet p = (p1, p2, p3) of distinct points in ∂∞M , we define the
mapping T
p
from C0(I,Homeo0(∂∞M)) to Tp such that, for all c ∈ C0(I,Homeo0(∂∞M)),
and for all t ∈ I:
(T
p
c)(t) = (p1 · c(t), p2 · c(t), p3 · c(t)).
In the case where ∂∞M = Cˆ, for all p, the mapping Tp restricts to a homeomorphism
from C0(I,PSL(2,C)) onto Tp. Consequently, in the general case, the mapping Tp is
surjective. Moreover, for all p, the mapping T
p
quotients down to a surjective mapping
from Ho˜meo0(∂∞M) to Tp/ ∼ which we also denote by Tp. Theorem 4.4 permits us to
show that this mapping is bijective.
Let γ be a braid in T
p
. We may suppose that there exists a point p∞ in ∂∞M which does
not lie in the image of γ . Let α : ∂∞M \{p∞} → R
2 be a homeomorphism. For any closed
curve η in R2 \ {0}, let Wind(η) be the winding number of η about 0. The quantity:∑
i<j
Wind(α ◦ γi − α ◦ γj) Mod 2
is well defined and independant of α and p∞ (see, for example, [9], or appendix D of [8]).
We thus define Windr(γ), the relative winding number of γ to be equal to this quantity.
Windr defines an isomorphism from T
0
p
/ ∼ to Z2. We define the mapping Wr,p which
sends π1(Homeo0(∂∞M)) into Z2 by:
Wr,p = Windr ◦ Tp.
The mapping Wr,p defines an isomorphism from π1(Homeo0(∂∞M)) to Z2. Moreover, it
does not depend on the choice of p, and we thus denote Wr =Wr,p .
4.4 Homological Classes.
For γ ∈ Γ, we define the torus Tγ by:
Tγ = (∂∞M \ {γ−, γ+})/〈γ〉.
Let C be a closed curve which turns once around the cylinder ∂∞M \ {γ±} in such a
manner that γ+ lies to its left (in otherwords, in its interior). C defines a unique homology
class [C]γ in H1(Tγ). Using Poincare duality, we define Lγ ⊆ H1(Tγ) by:
Lγ = {[a] ∈ H1(Tγ) | 〈[Cγ ], [a]〉 = 1} .
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Heuristically, Lγ is a straight line which contains all the curves in Tγ which cross Cγ
exactly once, going from right to left. For [a], [b] ∈ Lγ, we define [a]− [b] to be the unique
integer n such that:
[a] = [b] + n[C]γ .
Conversely, for [a] ∈ Lγ and n ∈ Z, we define [a] + n ∈ Lγ such that ([a] + n)− [a] = n.
Let us denote by πγ the canonical projection from ∂∞M \ {γ−, γ+} onto Tγ . Let Ω be an
invariant domain of Γ in ∂∞M . If c : I → Ω is a curve such that c(0) = γ− and c(1) = γ+,
then the homology class of πγ ◦ c in Tγ lies in Lγ . Moreover, it does not depend on c ⊆ Ω,
and we thus define:
[Ω]γ = [πγ ◦ c] ∈ Lγ .
4.5 Liftings of Applications.
Let γ be an element in Γ. Let γ± be the fixed points of γ. Let c : I → ∂∞M \ {γ±} be a
curve such that:
c(0) · γ = c(1).
The curve c projects down to an element of Lγ . We consider γ± as being constant curves,
and we define γˆc to be the unique lifting of γ in Ho˜meo0(∂∞M) such that:
T(γ−,c(0),γ+)γˆc = [γ−, c, γ+].
Trivially, γˆc only depends on the homotopy class of [πγ ◦ c] in Lγ ⊆ H1(Tγ). We thus
obtain a mapping Liftγ : Lγ → Ho˜meo0(∂∞M) which is defined such that, for all c with
c(0) · γ = c(1):
Liftγ([πγ ◦ c]) = γˆc.
We have:
Proposition 4.6
Let c, c′ : I →M \ {γ±} be curves such that c(0) · γ = c(1) and c
′(0) · γ = c′(1). Then:
Liftγ([πγ ◦ c]) = Liftγ([πγ ◦ c
′])⇔ [πγ ◦ c]− [πγ ◦ c
′] = 0 Mod 2.
Proof: Let us define:
α = Liftγ([πγ ◦ c])
−1 · Liftγ([πγ ◦ c
′]).
The element α is a lifting of the identity in Ho˜meo0(∂∞M), and:
T(γ−,c′(0),γ+)α = [γ−, c
−1c′, γ+].
The element α is equal to the identity if and only if:
Wr[γ−, c
−1c′, γ+] = 0.
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However, since γ± are trivial paths, we obtain:
Wr[γ−, c
−1c′, γ+] = [πγ ◦ c
′]− [πγ ◦ c] Mod 2.
The result now follows. 
If Ω is an invariant domain of Γ in ∂∞M , then, for every element γ ∈ Γ, we define γˆΩ by:
γˆΩ = Liftγ [Ω]γ .
We obtain the following result:
Proposition 4.7
Let Γ = 〈α, β〉 be a Schottky group. Let Ω be an invariant domain of Γ in ∂∞M which is
adapted to the generators (a, b). Let us denote γ = αβ, and let us define ∆ by:
∆ = γˆ−1Ω αˆΩβˆΩ.
Then ∆, which is a closed curve in Homeo0(∂∞M), is homotopically non-trivial.
Proof: By Lemma A.2, it suffices to prove this result when ∂∞M˜ = Cˆ and Γ is a subgroup
of PSL(2,C). In this case, for any triplet p = (p1, p2, p3) of distinct points in Cˆ, the
restriction of the mapping T
p
to C0(I,PSL(2,C)) is bijective. Let Sp denote its inverse.
Since, for any braid, η in T
p
, the point p is the base point of η, and is thus determined by
η, we may write S instead of S
p
.
∂Ω is homeomorphic to the circle S1 and is invariant under the action of Γ on C. By
Proposition 4.3, since Ω is adapted to the generators (α, β), the 8 points α±,β±,γ± and
γ± · α are distributed around ∂Ω according to the diagram in figure 4.2.
α−
β+γ+ · α
γ− · α β−
γ−
γ+
Ω
α+
   
   
Figure 4.2
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For every point, p in ∂∞M , let us denote also by p the constant curve which sends the
unit interval onto p. Let p0 be a point in Ω. Let a be a curve in Ω joining p0 to p0 ·α. Let
b be a curve in Ω joining p0 · α to p0 · (αβ). By definition:
αˆΩ = [S(α−, a, α+)],
βˆΩ = [S(β−, b, β+)],
γˆ−1Ω = [S(γ−, (a · b)
−1, γ+)].
Let ξ± : I → ∂Ω be such that ξ± avoids α∓ and that:
ξ±(0) = α±, ξ±(1) = γ±.
Since ∂Ω is invariant under the action of α, the curves ξ± ·α lie in ∂Ω and join α± to γ± ·α
whilst avoiding α∓. Let (ℵ
±
t )t∈I be a continuous family of curves in ∂Ω such that:
(i) for all s:
ℵ±0 (s) = α±,
and,
(ii) for all t:
ℵ±t (0) = ξ±(t),
ℵ±t (1) = ξ±(t) · α.
To be more precise, we deform ℵ− slightly towards the interior of ∂Ω and ℵ+ slightly
towards the exterior of ∂Ω so that they do not intersect each other. Heuristically, ℵ±1 is a
curve which goes from γ± to γ± · α in the clockwise direction. For all t and for all s, we
may suppose that the three points (ℵ−t (0), a(0),ℵ
+
t (0)) are distinct. Moreover, for all t:
(ℵ−t (0), a(0),ℵ
+
t (0)) · α = (ℵ
−
t (1), a(1),ℵ
+
t (1)).
Consequently, the family (ℵ−t , a,ℵ
+
t )t∈I defines a homotopy between the braids (α−, a, α+)
and (ℵ−1 , a,ℵ
+
1 ), respecting the fact that α sends the start point of each braid onto its end
point. Since the set of liftings of α in P˜SL(2,C) is discrete, it follows by continuity that:
[S(ℵ−1 , a,ℵ
+
1 )] = [S(α−, a, α+)].
We define (i±t )t∈I in a similar fashion using β instead of α, and we obtain:
γˆ−1T αˆT βˆT = [S(γ−, (a · b)
−1, γ+)S(α−, a, α+)S(β−, b, β+)]
= [S(γ−, (a · b)
−1, γ+)S(ℵ
−
1 , a,ℵ
+
1 )S(i
−
1 , b, i
+
1 )]
= [S(γ− · ℵ
−
1 · i
−
1 , (a · b)
−1 · a · b, γ+ · ℵ
+
1 · i
+
1 )].
We thus define the closed braid T by:
T = (γ− · ℵ
−
1 · i
−
1 , (a · b)
−1 · a · b, γ+ · ℵ
+
1 · i
+
1 ).
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Since ℵ±1 and i
±
1 stay close to ∂Ω and (a · b)
−1 · a · b lies in the interior of Ω, there exists
a homotopy between (a · b)−1 · a · b and the constant curve p0 which stays away from ℵ
±
1
and i±1 . Consequently:
T ∼ (γ− · ℵ
−
1 · i
−
1 , p0, γ+ · ℵ
+
1 · i
+
1 )
∼ (ℵ−1 · i
−
1 , p0,ℵ
+
1 · i
+
1 ).
Heuristically, ℵ+1 · i
+
1 is a curve which turns once about ∂Ω in the clockwise direction.
Moreover, this curve lies to the exterior of ∂Ω. There thus exists a homotopy which stays
away from p0 and ℵ
−
1 · i
−
1 between this curve and the constant curve q+. Thus:
T ∼ (ℵ−1 · i
−
1 , p0, q+).
Finally, heuristically, ℵ−1 · i
−
1 is a simple closed curve which separates p0 from q+. Conse-
quently:
Windr(T ) = 1
⇒ Wr(γˆ
−1
Ω αˆΩβˆΩ) = 1.
The result now follows. 
We also obtain the converse to this result:
Proposition 4.8
Let Γ = 〈α, β〉 be a Schottky group. If [a]α ∈ Lα, [b]β ∈ Lβ and [c]γ ∈ Lγ are such that:
(Liftγ [c]γ)
−1(Liftα[a]α)(Liftβ [b]β) 6= Id,
then there exists an invariant domain Ω of ∂∞M adapted to the generators (α, β) such
that:
[Ω]α = [a]α, [Ω]β = [b]β, [Ω]γ = [c]γ .
Proof: By Lemma A.2, it suffices to prove this result in the case where ∂∞M = Cˆ and Γ
is a Schottky subgroup of PSL(2,C).
Let (C±α , C
±
β ) be generating circles of Γ with respect to the generators (α, β). We define
the set X ⊆ Cˆ by:
X = Cˆ \
(
Int(C+α )∪ Int(C
−
α )∪ Int(C
+
β )∪ Int(C
−
β )
)
.
We now define the curves (a, b, c1, c2) to be non-intersecting, simple curves, lying in the
interior of X except at their end points, such that:
a(1) = a(0) · α, b(1) = b(0) · β,
c1(0) = c2(1) · α, c2(0) = c2(1) · β.
We refer to the quadruplet (a, b, c1, c2) as generating curves for Γ with respect to the
generating circles (C±α , C
±
β ). By taking the images of these four curves under the actions
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of elements of γ, and by then adjoining Fix(γ), we obtain uniquely from these four curves a
Jordan curve which is invariant under the action of Γ and which we denote by Γ(a, b, c1, c2).
The interior of Γ(a, b, c1, c2) is an invariant domain of Γ which is adapted to the generators
(α, β). Let us denote this domain by Ω(a, b, c1, c2). By definition:
[a]α = [Ω(a, b, c1, c2)]α, [b]β = [Ω(a, b, c1, c2)]β.
We define the curve c by c = c−12 (c1 · β
−1)−1, and we observe that:
c(1) = c(0) · γ.
Consequently:
[c]γ = [Ω(a, b, c1, c2)]γ.
By Proposition 4.7:
Liftγ([c]γ)
−1Liftβ([b]β)Liftα([a]α) 6= Id.
Let T1 be the Dehn twist about C
+
α such that:
T1[a]α = [a]α + 1, T1[b]β = [b]β, T1[c]γ = [c]γ + 1.
Let T2 be the Dehn twist about C
+
β such that:
T2[a]α = [a]α, T2[b]β = [b]β + 1, T2[c]γ = [c]γ + 1.
Finally, let T3 be a Dehn twist about a curve that separates C
±
α from C
±
β . We may choose
T3 such that:
T3[a]α = [a]α, T3[b]β = [b]β, T3[c]γ = [c]γ + 2.
Using combinations of these three Dehn twists, for any triple (x, y, z) ∈ Lα × Lβ × Lγ
satisfying:
([a]α − x) + ([b]β − y) + ([c]γ − z) = 0 Mod 2,
we can construct a quadruplet (a′, b′, c′1, c
′
2) of generating curves of Γ such that:
[Ω(a′, b′, c′1, c
′
2)]α = x, [Ω(a
′, b′, c′1, c
′
2)]β = y, [Ω(a
′, b′, c′1, c
′
2)]γ = z.
By Proposition 4.6, the triple (x, y, z) satisfies this condition precisely when:
Liftγ(z)
−1Liftα(x)Liftβ(y) 6= Id.
The result now follows. 
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5 - Constructing The Local Homeomorphism.
5.1 Introduction.
Throughout this section, (M,Q) will be a pointed, compact, three dimensional manifold of
strictly negative sectional curvature, (M˜, Q˜) its universal cover, and Γ = 〈α, β〉 a Schottky
subgroup of π1(M,Q).
In this section, we will prove the main results of this paper. First we have:
Theorem 1.4
Suppose that (M,Q) is a pointed, compact manifold of strictly negative sectional curvature.
Let (Σ, P ) be a pointed, compact surface of hyperbolic type (i.e. of genus at least two).
Let θ : π1(Σ, P )→ π1(M,Q) be a homomorphism. Suppose that θ is non-elementary and
may be lifted to a homomorphism θˆ of π1(Σ, P ) into the group Ho˜meo0(∂∞M˜). Then
there exists an equivariant Plateau problem for θ.
We then prove:
Theorem 1.5
If θ is non-elementary and lifts, then there exists a convex immersion i : Σ→M such that:
θ = i∗.
In the second part of this section, we define the notion of a π1(M,Q) structure, and prove
an existence result for such structures over bound, marked trousers. In the third part
of this section, we state results which summarise the glueing technique using by Gallo,
Kapovich and Marden in section 8 of [4]. In the fourth section we provide a proof of
Theorem 1.4. Finally, in the fifth section we show how to obtain convex solutions to the
Plateau problem in Hadamard manifolds, and this permits us to prove Theorem 1.5.
5.2 Constructing the Solution Over Trousers.
Let (Σ, θ, β) be a bound marked surface. Let Σ˜ be the universal cover of Σ. We define a
π1(M,Q) structure over (Σ, θ, β) to be a local homeomorphism ϕ : Σ˜→ ∂∞M˜ such that:
(i) ϕ is equivariant under the action of θ, and
(ii) for every boundary component C of Σ˜, the restriction of ϕ to C is a homeomorphism
onto its image. In otherwords ϕ(C) is a non self-intersecting curve.
Let P0 be the base point of Σ, and let P˜0 be the corresponding base point in the universal
cover Σ˜ of Σ. Let (C, P ) be a pointed boundary component of Σ. Let η be an element of
π1(Σ, P0, P ), and let η˜ be the lift of η such that:
η˜(0) = P˜0.
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Let Pˆη be the endpoint of η˜. Pˆη is thus a lift of P . Viewing C as a parametrised simple
closed curve in Σ leaving P , we define Cˆη to be the lift of C starting from Pˆη. The curve
Cη is thus a segment of one of the boundary components of Σ˜. Moreover, by definition:
Cˆη(0) · (η
−1Cη) = Cˆη(1).
Since ϕ ◦ Cˆη is non self-intersecting, it must avoid the fixed points of θ(η
−1Cη) in ∂∞M˜ .
Consequently ϕ ◦ Cˆη projects down to a closed curve in Tθ(η−1Cη). We will denote this
element by [C]η,ϕ.
Let γ and ξ be two elements of π1(M,Q0). Let ξ be another element. The mapping ξ
sends γ± onto the fixed points δ± of δ = ξ
−1γξ. It follows that ξ defines a homeomorphism
from Tγ to Tδ, which we will also denote by ξ. Moreover for any α ∈ π1(Σ):
Cˆη · α = Cˆηα
⇒ ϕ(Cˆη · α) = ϕ(Cˆηα)
⇒ (ϕ ◦ Cˆη) · θ(α) = (ϕ ◦ Cˆηα)
⇒ [C]η,ϕ · θ(α) = [C]ηα,ϕ .
We may thus define the element βϕ(C) lying in Tβ(C) such that, for all η ∈ π1(Σ, P0, P ):
βϕ(C) = [C]η,ϕ · β(η)
−1.
We are now in a position to construct π1(M,Q0) structures over bound, marked trousers:
Proposition 5.1
Let (M,Q0) be a pointed three dimensional Hadamard manifold of strictly negative sec-
tional curvature. Let (T, θ, β) be a bound marked trouser with holonomy in π1(M,Q0).
Suppose that the image of θ is a Schottky group.
Let P0 be the base point of T and let (Cj , Qj)16j63 be the three oriented boundary
components of T . Let (ξj)16j63 be a sash of T with respect to the points (Qj)16j63 such
that:
ξ−13 C
−1
3 ξ3 = (ξ
−1
1 C
−1
1 ξ1)(ξ
−1
2 C
−1
2 ξ2).
Let (x1, x2, x3) ∈ Lβ(C1) × Lβ(C2) × Lβ(C3) be a triplet such that:
Liftθ(ξ−13 C3ξ3)
(x3 · β(ξ3))
−1Liftθ(ξ−11 C1ξ1)
(x1 · β(ξ1))Liftθ(ξ−12 C2ξ2)
(x2 · β(ξ2)) 6= Id.
Then, there exists a π1(M,Q0) structure, ϕ, over (T, θ, β) such that, for each i:
βϕ(Ci) = xi.
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Proof: Let PT be the base point of T . Let us denote a = ξ
−1
1 C1ξ1 and b = ξ
−1
2 C2ξ2.
Let Γ = Im(θ). Denote α = θ(a) and β = θ(b). By Lemma 4.1, there exists an invariant
domain Ω of Γ adapted to the generators (α, β) such that:
[Ω]α = x1 · β(ξ1), [Ω]β = x2 · β(ξ2), [Ω]γ = x3 · β(ξ3).
Let P0 be a point in the interior of Ωˆ. Let π : Ωˆ → Ωˆ/Γ be the canonical projection. Let
φ : π1(Ωˆ/Γ, π(P0)) → Γ be the unique isomorphism defined such that, for all γ ∈ Γ and
for any curve c joining P0 to γ(P0):
φ([π ◦ c]) = γ.
In particular, since Ω is adapted to the generators (α, β), we see that there exist boundary
components a′ and b′ of Ωˆ/Γ and a sash (ca′ , cb′) of (Ωˆ/Γ, π(P0)) with respect to the base
points of a′ and b′ respectively such that:
φ(c−1a′ a
′ca′) = α, φ(c
−1
b′ b
′cb′) = β.
There exists a homeomorphism, ϕ : (T, PT )→ (Ωˆ/Γ, π(P0)) such that:
ϕ∗a ∼ c
−1
a′ a
′ca′ , ϕ∗b ∼ c
−1
b′ b
′cb′ .
Consequently:
θ = φ ◦ ϕ∗.
Let (T˜ , P˜T ) denote the pointed universal cover of (T, PT ). The mapping ϕ lifts to a unique
pointed homeomorphism, ϕ˜, from (T˜ , P˜T ) to (Ωˆ, P0) which is equivariant under the action
of θ. The curve ϕ˜ ◦ C1 lies entirely in Ωˆ. Thus, by definition of [Ω]α:
[C1]ξ1,ϕ˜ = [Ω]α = x1 · β(ξ1)
⇒ βϕ˜(C1) = [C1]ξ1,ϕ˜ · β(ξ1)
−1 = x1.
Similarly, βϕ˜(C2) = x2 and βϕ˜(C3) = x3. The mapping ϕ˜ is consequently the desired
π1(M,Q0) structure, and the result now follows. 
5.3 Joining the Trousers.
Let (Σi, θi, βi)i∈{1,2} be two bound marked surfaces with holonomy in π1(M,Q). For each
i, let (Ci, Qi) be a pointed boundary component of Σi. Let ψ : (C1, Q1)→ (C
−1
2 , Q2) be a
homeomorphism and suppose that (Σ1, θ1, β1) may be joined to (Σ2, θ2, β2) along ψ. We
recall that this means that β1(C1)
−1 = β2(C2) and consequently that:
Tβ1(C1)−1 = Tβ2(C2).
We observe that:
Lγ−1 = −Lγ .
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For each i, let ϕi be a π1(M,Q) structure over (Σi, θi, βi). We say that ϕ1 may be joined
to ϕ2 along ψ if and only if:
−β1,ϕ1(C1) = β2,ϕ2(C2).
The glueing procedure described by Gallo, Kapovich and Marden in section 8 of [4] yields
the following result:
Proposition 5.2
Let (M,Q) be a compact, pointed, three dimensional manifold of strictly negative sectional
curvature.
Let (Σi, θi, βi)i∈{1,2} be two bound marked surfaces with holonomy in π1(M,Q). For each
i, let (Ci, Qi) be pointed boundary components of Σi and let ψ : (C1, Q1)→ (C
−1
2 , Q2) be
a homeomorphism such that (Σ1, θ1, β1) may be joined to (Σ2, θ2, β2) along ψ.
Suppose that there exists, for each i, a π1(M,Q) structure ϕi over (Σi, θi, βi). If moreover,
ϕ1 may be joined to ϕ2 along ψ, then there exists a π1(M,Q) structure ϕ over (Σ1, θ1, β1)∪
(Σ2, θ2, β2) such that, after identifying objects in each of Σ1 and Σ2 with the corresponding
objects in Σ1 ∪ Σ2, for each i and for every pointed boundary component (C
′, Q′) of Σi:
(β1 ∪β2)ϕ(C
′) = βi,ϕi(C
′).
Let (Σ, θ, β) be a bound marked surface with holonomy in π1(M,Q). Let (Ci, Qi)i∈{1,2}
be pointed boundary components of Σ. Let ψ : (C1, Q1) → (C
−1
2 , Q2) be an orientation
reversing homeomorphism and suppose that (Σ, θ, β) may be joined to itself along ψ. Let
ϕ be a π1(M,Q) structure over (Σ, θ, β). We say that ϕ may be joined to itself along ψ
if and only if:
−βϕ(C1) = βϕ(C2).
Once again, the glueing procedure described by Gallo, Kapovich and Marden in section 8
of [4] permits us to obtain the following analogue of Lemma 5.2:
Proposition 5.3
Let (M,Q) be a compact, pointed, three dimensional manifold of strictly negative sectional
curvature.
Let (Σ, θ, β) be a bound, marked surface with holonomy in π1(M,Q). Let (Ci, Qi)i∈{1,2} be
pointed boundary components of Σ. Let ψ : (C1, Q1) → (C
−1
2 , Q2) be a homeomorphism
such that (Σ, θ, β) may be joined to itself along ψ.
Suppose that there exists, for each i, a π1(M,Q) structure, ϕ, over (Σ, θ, β). If, moreover,
ϕ may be joined to itself along ψ, then there exists a π1(M,Q) structure ϕ
′ over ©(Σ, θ, β)
such that, after identifying objects in Σ with the corresponding objects in ©Σ, for every
pointed boundary component (C′, Q′) of Σ:
(©β)ϕ′(C
′) = (©β)ϕ(C).
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5.4 The Construction of a Local Homeomorphism.
We are now in a position to prove Theorem 1.4:
Proof of Theorem 1.4: By Lemma 3.1, there exist 2g − 2 bound, marked trousers
(Ti, θi, βi)16i62g−2 with holonomy in π1(M,Q) such that the image of every θi is a Schottky
group, and:
(Σ, θ) ∼=
g
©
i=1
(
2g−2
∪
i=1
(Ti, θi, βi)).
Let π : Ho˜meo0(∂∞M˜) → Homeo0(∂∞M˜) be the canonical projection. For every i, using
the lifting, θˆ, of θ, we may construct liftings θˆi and βˆi of θi and βi such that:
(i) for all i, π ◦ θˆi = θi and π ◦ βˆi = βi, and
(ii) the (Ti, θˆi, βˆi)16i62g−2 may be joined along the same edges as the (Ti, θi, β1)16i62g−2.
For each i, we label the boundary components of Ti with distinct numbers from 1 to 3. For
all 1 6 i 6 2g−2,1 6 j 6 3, we denote by (Ci,j , Qi,j) the j’th pointed boundary component
of Ti. Let α be the involution (having no fixed points) of A = {1, ..., 2g− 2}×{1, 2, 3} such
that, for all (i, j) ∈ A, the boundary component (Ci,j , Qi,j) is joined to (Cα(i,j), Qα(i,j)) in
the above decomposition. For all i,j, we define Ei,j ∈ Lβ(Ci,j) such that:
(i) for all (i, j), Liftβi(Ci,j)Ei,j =6= βˆi(Ci,j), and
(ii) for all (i, j), Ei,j = −Eα(i,j).
Choose 1 6 i 6 2g − 2. Let Pi be the base point of Ti. Let (ξj)16j63 be a binding sash of
Ti with respect to the points (Qi,j)16j63 such that:
ξ−13 Ci,3ξ3 = (ξ
−1
1 Ci,1ξ1)(ξ
−1
2 Ci,2ξ2).
For each j, let us denote γj = ξ
−1
j Ci,jξj and aj = Ei,j · β(ξj). Let ∆ ∈ Ho˜meo0(∂∞M˜) be
the element of π−1(Id) that is different to the identity. We recall that ∆ commutes with
every element of Ho˜meo(∂∞M˜). For each j, we have:
Liftθ(γj)(aj) = β(ξj)
−1[Liftβ(ξj)θ(γj)β(ξj)−1(Ei,j)]β(ξj)
= βˆ(ξj)
−1Liftβ(Ci,j)(Ei,j)βˆ(ξj)
= βˆ(ξj)
−1βˆ(Ci,j)∆βˆ(ξj)
= θˆ(γj)∆.
Thus:
Liftθ(γ3)(a3)
−1Liftθ(γ1)(a1)Liftθ(γ2)(a2) = θˆ(γ3)
−1θˆ(γ1)θˆ(γ2)∆
3
= θˆ(γ−13 γ1γ2)∆
3
= ∆3
= ∆.
Thus, by Proposition 5.1, there exists a π1(M,Q) structure ϕi over (Ti, θi, βi) such that,
for each j:
βi,ϕi(Ci,j) = Ei,j.
By definition of (Ei,j)(i,j)∈A, these π1(M,Q) structures may all be joined to each other, and
the existence of a π1(M,Q) structure over (Σ, θ) now follows using a process of induction
and Propositions 5.2 and 5.3. The result now follows. 
36
Equivariant Plateau Problems
5.5 Convex Subsets of Hadamard Manifolds.
We now require the following results concerning convex sets:
Proposition 5.4
Let p be a point in ∂∞M˜ and let Ω be a neighbourhood of p in ∂∞M˜ . There exists a
complete convex subset X of M˜ such that:
p /∈ ∂∞X, Ω
c ⊆ ∂∞X.
Proof: Let K > k > 0 be such that the sectional curvature of M˜ is contained in [−K,−k].
For all q in M˜ , for r ∈ ∂∞M˜ and for θ ∈ (0, π), we define Ωθ(r; q) as in section 2.3. By
Theorem 3.1 of [1], there exists π/2 > ψ > 0 such that, for all q ∈ M˜ and for all r ∈ ∂∞M˜ ,
there exists a complete convex subset X of M˜ such that:
∂∞Ωψ(r; q) ⊆ ∂∞X.
Let q0 be any point in M˜ . Let γ be the unique geodesic running from q0 to p, normalised
such that γ(0) = q0 and γ(∞) = p. Let δ ∈ R
+ be such that:
∂∞Ωδ(p; q0) ⊆ Ω.
Let us define B ∈ R+ such that:
∆k(B, π − δ) < ψ.
Let q1 = γ(B). Let X be a complete convex subset of M˜ such that:
∂∞Ωψ(q1; γ(−∞)) ⊆ ∂∞X.
Thus, by Lemma 2.7:
Ωc ⊆ ∂∞Ωπ−δ(p; γ(−∞)) ⊆ ∂∞Ωψ(q1; γ(−∞)) ⊆ ∂∞X.
The result now follows. 
This result now permits us to show:
Lemma 5.5
Let D be a closed subset of ∂∞M˜ . There exists a complete strictly convex subset X with
C1 boundary in M˜ such that:
D = ∂∞X.
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Proof: For all p ∈ Dc, by Proposition 5.4, there exists a complete convex subset Xp of
∂∞M˜ such that p /∈ ∂∞Xp and D ⊆ ∂∞Xp. We define Xˆ by:
Xˆ = ∩
p∈Cc
Xp.
Xˆ is a complete convex subset of M˜ and ∂∞Xˆ = D. In particular, Xˆ is non-empty. For
ǫ ∈ R+, let Σǫ be the surface obtained by moving ∂Xˆ a distance ǫ normally along geodesics.
Σǫ is strictly convex, is of type C
1 and bounds a complete convex subset X of M˜ . X is
thus the desired subset, and the result now follows. 
We are now in a position to prove Theorem 1.5:
Proof of Theorem 1.5: We give an elementary account of a technique developed by
Labourie in [5]. Since Σ is compact, and since ϕ is θ-equivariant, there exists a finite open
cover A = (Ωi)16i6k of Σ such that, if A˜ = (Ωi,γ)16i6k,γ∈π1(Σ,P ) is the lifting of A to Σ˜,
then, for every Ω ∈ A˜:
(i) the closure of Ω in Σ˜ is homeomorphic to a closed disc, and
(ii) for every Ω ∈ A˜, the restriction of ϕ to Ω is a homeomorphism onto its image.
By Lemma 5.5, for every i, we may find a family (Xi,γ)γ∈π1(Σ,P ) of complete strictly convex
subsets with C1 boundary in M˜ such that:
(i) (Xi,γ)γ∈π1(Σ,P ) is θ-equivariant. In other words, for all γ, δ ∈ π1(Σ, P ):
Xi,γδ = Xi,γ · θ(δ),
and
(ii) for all γ ∈ π1(Σ, P ):
∂∞X1,γ = ϕ(Ωi,γ)
c.
We may assume moreover that the boundaries of these sets intersect transversally in the
region that will be of interest to us. Using these convex sets, we construct a family
(Pi,γ)16i6k,γ∈π1(Σ,P ) of polygonal subsets of Σ˜ and a family (ψi,γ)16i6k,γ∈π1(Σ,P ) of im-
mersions such that:
(i) (Pi,γ)16i6k,γ∈π1(Σ,P ) provides a polygonal decomposition of Σ˜. In otherwords:
Σ˜ = ∪
16i6k
γ∈π(Σ,P)
Pi,γ ,
and two polygons in this family only intersect if they share a common boundary component;
(ii) the family (Pi,γ)16i6k,γ∈π1(Σ,P ) is equivariant. In otherwords, for each i, and for all
γ, δ ∈ π1(Σ, P ):
Pi,γδ = Pi,γ · δ;
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(iii) for each i and for all γ, ψi,γ is a homeomorphism from Pi,γ onto a subset of the
boundary of Xi,γ in M˜ , and
(iv) the family (ψi,γ)16i6k,γ∈π1(Σ,P ) is θ-equivariant. In otherwords, for each i, and for all
γ, δ ∈ π1(Σ, P ), and for all p ∈ Pi,γ:
ψi,γδ(p · δ) = ψi,γ(p) · θ(δ).
Joining together the elements of (ψi,γ)16i6k,γ∈π1(Σ,P ), we obtain a θ-equivariant locally
strictly convex immersion ψˆ of Σ˜ into M˜ such that if −→n is the Gauss-Minkowski mapping
sending UM˜ into ∂∞M˜ , then:
−→n ◦ ψˆ = ϕ.
Taking quotients, we obtain a locally strictly convex immersion ψ of Σ into M which
realises θ. Finally, since Σ is compact, by deforming ψ slightly, we may suppose that it is
also smooth and the result now follows. 
A - Homeomorphism Equivalence of Schottky Groups.
A.1 Introduction.
Throughout this appendix, (M,Q) will be a pointed three dimensional Hadamard manifold
and Γ = 〈α, β〉 a Schottky subgroup of Isom(M,Q).
In this appendix, we provide a proof of the equivalence up to homeomorphisms of the
Schottky groups that we will be using.
We define Fix(Γ), the fixed point set of Γ by:
Fix(Γ) = ∪
γ∈Γ\{Id}
Fix(γ).
We define a reduced word over (α, β) to be a sequence γ = (γk)16k6n of elements of{
α±1, β±1
}
which does not contain any of the subwords αα−1, α−1α, ββ−1 or β−1β.
In otherwords, a reduced word is the shortest length word expressing the corresponding
element of Γ. Let Wα,β denote the set of all reduced words over (α, β) of finite length. Let
Wnα,β denote the subset of Wα,β consisting of words of length n. Let W
∞
α,β denote the set
of all reduced words over (α, β) of infinite length. For all m > n, we define the truncation
map Tn : W
m
α,β → W
n
α,β to be the map which sends a word of length m to the word given
by its first n letters. This definition is trivially also valid when m = ∞. We give Wα,β
the discrete topology, and we then give W∞α,β the coarsest topology with respect to which
every Tn is continuous. In otherwords, a basis of open sets of W
∞
α,β is given by:
B = ∪
n∈N
{
T−1n ({γ}) s.t. γ is of length n
}
.
This topology is trivially Hausdorff. Moreover, since the alphabet is finite, it is not difficult
to show that W∞α,β is compact with respect to this topology.
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The first result of this appendix is the construction of a canonical homeomorphism from
W∞α,β to Fix(Γ). In order to explicitely describe the homeomorphism, we are required to
construct a few more objects. Let (C±α , C
±
β ) be generating circles for Γ in ∂∞M˜ with
respect to the generators (α, β). We define the set S1 by S1 =
{
C±α , C
±
β
}
and we define
Sn for n > 2 inductively by:
Sn =
(
∪
γ∈{α±1,β±1}
γSn−1
)
\
n−1
∪
k=0
Sn−1.
For all n > 2, and for all C ∈ Sn, there exists a unique C
′ ∈ S1 such that C ⊆ Int(C
′). We
thus orient C such that Int(C) ⊆ Int(C′). We observe that, for all n, and for any distinct
C,C′ ∈ Sn, the interiors of C and C
′ are also distinct.
We define the mapping D1 : W
1
α,β → S1 by:
D1(α
±1) = C±α , D1(β
±1) = C±β .
We define Dn for n > 2 such that, for all γ = (γk)16k6n in W
n
α,β:
Dn(γ) = D1(γn) · γn−1 · ... · γ1.
We then define D over Wα,β such that it restricts to Dn over each W
n
α,β . We observe that,
for all n, Dn defines a bijection between W
n
α,β and Sn. We now obtain the following result:
Lemma A.1
Suppose that the sectional curvature of M is bounded above by −k < 0. For all γ =
(γn)n∈N in W
∞
α,β , there exists a unique point P(γ) ∈ Fix(Γ) such that the sequence
(Int(D(Tn(γ))))n∈N converges towards {P(γ)} in the Hausdorff topology. Moreover, P(γ)
is contained in Int(D(Tn(γ))) for every n, and P defines a homeomorphism between W
∞
α,β
and Fix(Γ).
Extending this to a homeomorphism between ∂∞M and an abstract space over which Γ acts
in a trivial manner, we obtain the following result which tells us that all the Schottky groups
that we will be studying are essentially equivalent to Schottky subgroups of PSL(2,C):
Lemma A.2
Suppose that the sectional curvature ofM is bounded above by −k < 0. Let Γ ⊆ Isom0(M)
and Γ′ ⊆ Isom0(M
′) be Schottky subgroups. There exists an isomorphism φ : Γ→ Γ′ and
a homeomorphism Φ : ∂∞M → ∂∞M
′ such that, for all γ ∈ Γ:
Φ ◦ γ = ϕ(γ) ◦ Φ.
In the second part of this appendix, we prove Lemma A.1, and then in the third part we
show how this result may be used to prove Lemma A.2.
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A.2 The Fixed Point Set of a Schottky Group.
In this subsection, we prove Lemma A.1. We begin with the following more elementary
result concerning Hadamard manifolds of strictly negative sectional curvature:
Proposition A.3
Let M be a Hadamard manifold of sectional curvature bounded above by −k < 0. Let
UM be the unitary bundle over M and let π : UM → M be the canonical projection.
Let (vn)n∈N be a sequence of vectors in UM such that (π ◦ vn)n∈N converges to a point
p0 in ∂∞M . For all n, let γn be the geodesic in M leaving π ◦ vn with velocity vn. After
extraction of a subsequence, at least one of (γn(−∞))n∈N and (γn(+∞))n∈N converges also
to p0.
Proof: Let q0 be a point in M . For all n, let us denote pn = π ◦ vn, Dn = d(q0, pn), and
let qn ∈ ∂∞M be the unique point such that pn lies on the geodesic segment joining q0
to qn. Trivially (qn)n∈N converges to p0 and (Dn)n∈N tends to infinity. By Lemma 2.7,
without loss of generality, for all n:
γn(+∞) ∈ ∂∞Ω∆k(Dn, π/2)(qn; q0).
Since (∆k(Dn, π/2))n∈N tends to zero, the result follows. 
We now define the subset X of M by:
X =M \
(
Int(D+α )∪ Int(D
−
α )∪ Int(D
+
β )∪ Int(D
−
β )
)
.
Trivially:
∂∞X = ∂∞M \
(
Int(C+α )∪ Int(C
−
α )∪ Int(C
+
β )∪ Int(C
−
β )
)
.
For all γ ∈ Γ \ {Id}, let γ− and γ+ be the repulsive and attractive fixed points of γ
respectively, and let gγ be the unique geodesic joining γ
− to γ+. We define GΓ by:
GΓ = ∪
γ∈Γ
gγ(R).
We obtain the following result:
Proposition A.4
The intersection X ∩GΓ is bounded in M .
Proof: Suppose the contrary. There exists a sequence (pn)n∈N ∈ X ∩GΓ and p0 ∈ ∂∞M
such that (pn)n∈N converges to p0. For all n, let γn ∈ Γ be such that that pn lies in gγn .
For all n, let γn,± be the fixed points of γn. By Lemma A.3, we may assume that (γn,+)n∈N
tends to p0, in which case p0 ∈ Fix(Γ). However, p0 ∈ ∂∞X , which is absurd, since Fix(Γ)
and ∂∞X are disjoint. The result now follows. 
We define the evaluation map Eval :Wα,β → Γ such that, for all γ = (γk)16k6n:
Eval(γ) = γn · ... · γ1.
41
Equivariant Plateau Problems
We have the following elementary result:
Lemma A.5
For every γ = (γk)16k6n in Wα,β, we have:
Ext(D1(γ
−1
n )) · Eval(γ) ⊆ Int(D1(γ1)).
Proof:We prove this result by induction on the length of γ . The result follows immediately
from the definition of generating circles when γ is of length 1. We suppose now that the
result is true when γ is of length n. Let γ = (γk)16k6n be a reduced word of length n+ 1
over (α, β). By the induction hypothesis, we have:
Ext(D1(γ
−1
n+1)) · Eval(γ) ⊆ Int(D1(γ2)) · γ1.
Since γ is a reduced word, γ2 6= γ
−1
1 . Consequently:
Int(D1(γ2)) ⊆ Ext(D1(γ
−1
1 ))
⇒ Int(D1(γ2)) · γ1 ⊆ Int(D1(γ1)).
The result now follows. 
This yields the following two corollaries concerning D(γ) for γ in Wα,β. First, we have:
Corollary A.6
For every γ = (γk)16k6n in Wα,β:
Int(D(γ)) = Ext(D1(γ
−1
n )) · Eval(γ).
Proof: This follows from Lemma A.5 and the fact that D(γ) is oriented such that its
interior is contained in the interior of the unique circle in S1 in which it lies. 
Next we have:
Corollary A.7
For every γ = (γk)k∈N in W
∞
α,β and for all n ∈ N:
Int(D(Tn+1(γ))) ⊆ Int(D(Tn(γ))).
Proof: Indeed, by Corollary A.6:
Int(D(Tn+1(γ))) = Int(D1(γn+1)) · Eval(Tn(γ)).
Since γ is a reduced word, γn+1 6= γ
−1
n , and so:
Int(D1(γn+1)) ⊆ Ext(D1(γn)).
The result follows by applying Eval(Tn(γ)) to both sides and using Corollary A.7. 
We define W 0α,β to be the set of all reduced words γ = (γk)16k6n in Wα,β such that
γn 6= γ
−1
1 . We have the following result:
Propositon A.8
‖Eval(γ)‖ tends to infinity as the length of γ tends to infinity in W 0α,β .
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Proof: Suppose the contrary. There exists K > 0 and infinitely many distinct elements
(γn)n∈N = (Eval(γn))n∈N in Γ such that, for all n, ‖γn‖ 6 K. Since, for all n, γn ∈W
0
α,β,
by Lemma A.5, we may suppose that there exist two distinct circles C1 and C2 in S1 such
that, for all n:
Ext(C1) · γn ⊆ Int(C2).
Consequently, if ηn is the geodesic fixed by γn, then ηn intersects X non-trivially. Thus,
for all n, there exists pn ∈ X ∩GΓ such that:
d(pn, pn · γn) 6 K.
Let p be an arbitrary point in M . By compactness, there exists B > 0 such that, for all
q ∈ X ∩GΓ:
d(p, q) 6 B.
Thus, for all n:
d(p, p · γn)) 6 2B +K.
Consequently, by compactness, the set {p} · Γ has a concentration point in M˜ , which is
absurd. The result now follows. 
For γ an element of W∞α,β, we define the sequence (ln(γ))n∈N such that, for all n:
ln(γ) = Sup
{
k s.t. 1 6 k 6 n & γk 6= γ
−1
1
}
.
We now obtain the following partial proof of Lemma A.1:
Proposition A.9
Suppose that the sectional curvature of M is bounded above by −k < 0. For all γ =
(γn)n∈N in W
∞
α,β such that (ln(γ))n∈N tends to infinity, there exists a unique point P(γ) ∈
Fix(Γ) such that the sequence (Int(D(Tn(γ))))n∈N converges towards {P(γ)} in the Haus-
dorff topology.
Proof: For all n, we define µn ∈W
ln(γ)
α,β and νn ∈W
n−ln(γ)
α,β such that:
µn = Tln(γ)(γ), Tn(γ) = νnµn.
For all n, and for all 1 6 k 6 ln(γ), we denote by µn,k the k’th letter of µn. By corollary
A.7, for all n:
Int(D(Tn(γ))), Int(D(µn+1)) ⊆ Int(D(µn)).
We define Ω and Delta as in section 2.3. By compactness, there exists ǫ > 0 such that, for
all p′ ∈ X ∩GΓ, for all q ∈ Fix(Γ) and for all C ∈ S1:
C ∩Ωǫ(q; p
′) = ∅.
Let θ > 0 be an angle. By compactness, there exists ϕ > 0 such that, for all p, p′ ∈ X ∩GΓ:
∂∞Ωϕ(q; p) ⊆ ∂∞Ωθ(q; p
′).
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By Proposition A.8, there exists N ∈ N such that, for n > N :
∆k(‖Eval(µn)‖, π − ǫ) < ϕ.
Let us denote by ηn the unique geodesique preserved by Eval(µn). It follows that ηn
intersects X non-trivially. Let pn be any point in X ∩ ηn. Let p
−
n and p
+
n be the repulsive
and attractive fixed points respectively of Eval(µn). We have:
Ext(D1(µ
−1
n,ln(γ)
)) ⊆ ∂∞Ωπ−ǫ(p
+
n ; pn).
Thus, by Lemma 2.7 and Lemma A.5:
Int(D(µn)) = Ext(D1(µ
−1
n,ln(γ)
)) · Eval(µ)
⊆ ∂∞Ωϕ(p
+
n ; pn)
⊆ ∂∞Ωθ(p
+
n ; p).
Thus, since θ is arbitrary, the diameter of (Int(D(µn)))n∈N with respect to any given metric
on ∂∞M tends to zero.
Since (Int(D(µn)))n∈N is a nested sequence of compact sets, its intersection is non-empty.
Since its diameter is zero, the intersection contains at most 1 point. Since, for all n,
Int(D(Tn(γn))) ⊆ Int(D(µn)), and the result follows. 
We may then use this result to obtain:
Proposition A.10
Suppose that the sectional curvature ofM is bounded above by −k < 0. For all γ inW∞α,β,
there exists a unique point P(γ) ∈ Fix(Γ) such that the sequence (Int(D(Tn(γ))))n∈N
converges towards {P(γ)} in the Hausdorff topology.
Proof: By Proposition A.9, it suffices to prove the result when (ln(γ))n∈N is bounded. Let
k be such that, for all n:
ln(γ) 6 k.
By definition of (ln(γ))n∈N, for all m > k:
γm = γ
−1
1 .
We thus define µ = Tk(γ), and we define γ
′ ∈W∞α,β such that:
γ = γ ′µ.
Trivially, for all n, ln(γ
′) = n. By Corollary A.6:
Int(D(Tn(γ
′))) · Eval(µ) = Int(D(Tn+k(γ))).
We define P(γ) = P(γ ′) · Eval(µ), and the result now follows by Proposition A.9. 
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We now obtain a proof of Lemma A.1:
Proof of Lemma A.1: Existence and uniqueness of P follow from Propositions A.9 and
A.10. By corollary A.7, for all γ and for all n:
P(γ) ∈ Int(D(Tn(γ))).
Continuity of P now follows by a diagonal argument.
Let p be a point in Fix(Γ). For all n, p lies in the union of the interiors of the circles in
Sn. Since Dn defines a bijection between W
n
α,β and Sn, there exists γn ∈W
n
α,β such that:
p ∈ Int(D(γn)).
By compactness, there exists γ ∈ W∞α,β such that (γn)n∈N tends to γ . For m ∈ N and for
all n sufficiently large, Tm(γ) = Tm(γn). Thus, by Corollary A.7:
p ∈ Int(D(γn)) ⊆ Int(Tm(γ)).
By taking limits, it follows that P(γ) = p, and surjectivity follows.
Let γ and γ ′ be two points in W∞α,β such that P(γ) = P(γ) = p. For all n, the interiors
of D(Tn(γ)) and D(Tn(γ
′)) intersect non-trivially and thus coincide. Thus, for all n,
Tn(γ) = Tn(γ
′). Injectivity now follows.
Since P is a bijective continuous mapping between two compact sets it is a homeomorphism,
and the result now follows. 
A.3 Homeomorphism Equivalence of Schottky Groups.
Let (C±α , C
±
β ) be generating circles of Γ with respect to the generators (α, β). We define
Ω ⊆ ∂∞M by:
Ω = ∂∞M \
(
Int(C+α )∪ Int(C
−
α )∪ Int(C
+
β )∪ Int(C
−
β )
)
.
We define the continuous mapping Φ : Ω× Γ→ ∂∞M by:
Φ(x, γ) = x · γ.
We define the equivalence relation ∼ over Ω× Γ such that:
(x, γ) ∼ (y, η)⇔ Φ(x, γ) = Φ(y, η).
Since Ω is a fundamental domain for the action of Γ, we find that (x, γ) ∼ (y, η) if and
only if either x = y and γ = η or:
(i) x, y ∈ ∂Ω, and
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(ii) there exists µ ∈
{
α±1, β±1
}
such that:
(x, γ) = (y · µ, µ−1 · η).
Ω×Γ/ ∼ is a Hausdorff space and that Φ quotients down onto a homeomorphism of Ω×Γ/ ∼
onto its image. Using Lemma A.1, it is fairly trivial to show that ∂∞M = Im(Φ)∪Fix(Γ).
We now define the space ΣΓ by:
ΣΓ = (Ω× Γ/ ∼)∪W
∞
α,β.
For all n, and for all γ ∈Wnα,β , we define the subset Uγ of ΣΓ by:
Uγ = Int
(
∪
η∈Wα,β s.t
l(η)>n,Tn(η)=γ
Ω× {Eval(η)} / ∼
)
∪
{
γ ′ ∈W∞α,β s.t. Tn(γ
′) = γ
}
.
If τ denotes the topology of Ω × Γ/ ∼, then τ ∪{Uγ s.t. γ ∈Wα,β} defines a base for a
topology over ΣΓ. This topology is Hausdorff and restricts to the initial topologies over
Ω×Γ/ ∼ and W∞α,β. It is fairly trivial to show that ΣΓ is compact. Moreover, if γ ∈W
∞
α,β
and if (pn, γn)n∈N is a sequence in Ω × Γ/ ∼ converging to γ , then, for all k ∈ N, there
exists N ∈ N such that:
n > N ⇒ Tk(γn) = Tk(γ).
We now define the mapping Ψ : ΣΓ → ∂∞M˜ by:
Ψ(p) =
{
P(p) if p ∈W∞α,β,
Φ(p) if p ∈ Ω× Γ/ ∼ .
Using Lemma A.1 we may show that the mapping Ψ is continuous and bijective. Since
ΣΓ is compact, Φ is a homeomorphism. We have thus constructed a topological space
homeomorphic to the sphere. Moreover, there exists a canonical action of Γ over this
space with which Ψ intertwines. We now prove Lemma A.2:
Proof of Lemma A.2: Let (α, β) and (α′, β′) be generators of Γ and Γ′ respectively. Let
(C±α , C
±
β ) and (C
′
α
±, C′β
±) be generating circles of Γ and Γ′ respectively with respect to
these generators. We define Ω ⊆ ∂∞M and Ω
′ ⊆ ∂∞M
′ as before. We define φ : Γ → Γ′
such that φ(α) = α′ and φ(β) = β′. Let Φˆ : Ω → Ω′ be a homeomorphism such that, for
all p ∈ C−α and for all q ∈ C
−
β :
Φˆ(p) · α′ = Φˆ(p · α),
Φˆ(q) · β′ = Φˆ(q · α).
There exists a unique extension of Φˆ to a mapping from ΣΓ to ΣΓ′ which intertwines with
φ. We define Ψ1 : ΣΓ → ∂∞M and Ψ2 : ΣΓ → ∂∞M
′ as before. For all γ ∈ Γ, the
following diagram trivially commutes:
∂∞M
Ψ−11 ✲ ΣΓ
Φˆ ✲ Σγ′
Ψ′1 ✲ ∂∞M
′
❄
γ
❄
γ
❄
φ(γ)
❄
φ(γ)
∂∞M
Ψ−11 ✲ ΣΓ
Φˆ ✲ Σγ′
Ψ′1 ✲ ∂∞M
′
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The mapping Φ = Ψ′1 ◦ Φˆ ◦ Ψ
−1
1 is thus the desired homeomorphism, and the result now
follows. 
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